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Sinusoidal Modelling of Marriages by Month           using E-STAT Data and Fathom
Overview

In this lesson, students will gain a better understanding of the parameters of the general form of a sine equation [y = a sin(k(x - d)) + c] and cosine equation [y = a cos(k(x – d)) + c], where a is amplitude (vertical stretch or compression), k is period (horizontal stretch or compression), d is phase shift (horizontal displacement), and c is vertical displacement.  Students will import a prepared dataset comprised of E-STAT data on the number of marriages in Canada per month for the years 2000 to 2003 into Fathom.  By using sliders in Fathom, students will model a sine function by adjusting the parameters to maximize the visual fit of the curve to the data.  By adjusting the values of the a, k, d, and c parameters, students will learn about the purpose of each variable in the equation.  Then, they will change their sine equation to a cosine equation to explore differences between the equation types.  

Contributors: Jennifer Hall and Joel Yan, Statistics Canada


Objectives
· Describe key properties of periodic functions arising from real-world applications, given a numeric or graphical representation
· Determine the amplitude, period, phase shift, displacement, and range of sinusoidal functions whose equations are given in the form y = a sin(k(x-d)) + c and                               y = a cos(k(x-d)) + c
· Explain restrictions that the context of secondary data places on domain and range

· Represent a sinusoidal function with an equation, given its graph

· Determine, through investigation, how sinusoidal functions can be used to model periodic phenomena that do not involve angles


Suggested grade levels and subject areas
Grades 11 and 12

Mathematics


Duration
One to two 75 minute periods 

Materials
Computers with Internet access and Fathom software
Computer projector

Student instructions
Student worksheet 

Student worksheet – Teacher version



Prior knowledge
Sinusoidal equations in y = a sin(k(x - d)) + c and y = a cos(k(x-d)) + c forms
Basic knowledge of Fathom software



Classroom instructions
1) Review important properties of the general forms of sinusoidal equations.
2) Conduct a brief review of Fathom software to ensure students are comfortable using it.
3) Hold a brief class discussion on the topic of the months of marriages to assess students’ prior knowledge and share information on the topic.  For example, conduct a brief in-class poll of months in which weddings were held that the students attended.
4) Distribute the student instructions and worksheet and have students complete the lesson independently or in pairs.  



Enrichment
Discuss factors leading to differences in the numbers of marriages by month in Canada.  
Discuss how much of a role climate plays in affecting the number of marriages by month.  For example, would the data be reversed for Australia?  What might the data be like for locations that have fairly constant climates?


Evaluation
Students can be informally assessed on their work habits and computer skills throughout this activity.  They can be formally assessed via the worksheet, which can be handed in to be marked using a marking scheme of the teacher’s choice.  


Student Instructions
Marriages by Month Sinusoidal Activity

Background Information

A graph of data based on human activities rarely approximates the shape of a sinusoidal curve with any accuracy.  However, occasionally the underlying conditions lead to trends that closely follow a sinusoidal curve.  The Fathom dataset you will be using was obtained from CANSIM Table 101-1001, Marriages by Marriage Type and Month, from E-STAT on the Statistics Canada website (http://estat.statcan.ca).  You will be approximating the parametric form of a sine curve [y = a (sin(k(x - d)) + c] and a cosine curve [y = a (cos(k(x - d)) + c] to this data using sliders to vary the parameters (a, k, d, and c).  


Instructions
Note: These instructions were written for Fathom 2.  If you are using Fathom 1, some instructions may be slightly different.
1) Go to www.teacherweb.com/on/statistics/math and select the E-STAT and Function Modelling folder.

2) Under E-STAT LESSONS FOR GRADES 6-11, under Grades 11 and 12, double-click on Fathom dataset: Marriages by Month.  Save the file to an appropriate location on the computer you are using. 
3) In Fathom, open the collection by double-clicking on it.

4) Click on the Comments tab to read the notes about how the dataset was generated.

5) Click on the Cases tab to see the different data cases.  For example, the first case of Month = 1 and Number_of_Marriages = 4369 indicates that in January of 2000, there were 4369 marriages. 

6) Create a new graph by dragging and dropping the Graph icon onto the workspace.

7) Drag and drop the attribute Month on the x-axis and the attribute Number_of_Marriages on the y-axis.  Your graph of the marriage data by month should now appear.

8) Drag and drop four sliders to the workspace.

9) Rename V1 as a, V2 as k, V3 as d, and V4 as c by double-clicking on the pre-assigned slider names.

10) Right-click on the graph and select Plot Function.  A pop-up window ‘Expression for function’ will appear.
11) Type the letter a and then click on the x button (multiplication sign).
12) Click on the + sign beside Functions to extend the list.  Then, click on the + sign beside Trigonometric to extend that list.  Now, double-click on sin.  

Your screen should look like this:
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13) Inside the brackets, click on the ( ) button again.  In these inner brackets, type the number 2 and then click on the + sign beside Special to extend the list.  Double-click on pi.  Now, click to the right of the inner brackets (still inside the outer brackets) and then click on the 
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 button (division sign) and then type the letter k.  

Your screen should look like this:
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 instead of just k in this equation because the variable on the x-axis is measured in non-angle units (months) as opposed to angle units (radians).  
14) Click to the right of the 
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 fraction (still inside the outer brackets) and click on the ( ) button again.  Scroll to the top and click on the + sign beside Attributes to extend the list.  Double-click on Month.  Then, type – d.  Finally, click to the right of all the brackets and type + c.  
Your screen should look like this:
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15) Click on the OK button.  Your function will now be displayed on the graph.

16) Using your knowledge of sinusoidal functions and the meaning of the parameters a, k, d, and c, change the sliders to values that will closely approximate the monthly marriage data.

Note: You can change the upper and lower bounds of the slider by double-clicking on the values and then editing the Upper_ and Lower_ in the pop-up table.  You can also manually drag the values on the slider by placing your mouse over the values until a sideways hand appears.  Drag this hand in order to stretch or compress the range of values.
***** Go to your worksheet and answer questions #1 to 10.  Question #10 requires that you paste your graph into your worksheet.  To do this, click on the graph, then go to the Edit menu, and select Copy As Picture.  When you are in the worksheet document, right-click and paste your graph. *****
17) Double-click on your equation shown under the graph.  This will bring up the Expression for function pop-up window.

18)  Click to the right of sin and delete it only.
19) Click on the + sign beside Functions to extend the list.  Then, click on the + sign beside Trigonometric to extend that list.  Now, double-click on cos.  
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20) Click on the OK button.  You will notice that your graph has now changed.  
21) Using your knowledge of sinusoidal functions and the meaning of the parameters a, k, d, and c, alter the slider values (as directed above) until your graph once again is a close approximation to the data. 
***** Go to your worksheet and answer questions #11 to 15.  Paste your graph in Question #15 as directed above. *****
Student Worksheet
Marriages by Month Sinusoidal Activity
1) What do the following variables represent (Provide both the term and a full explanation of the term):
a) a?
b) k?
c) d?
d) c?
2) Provide your best values for the parameters below and an explanation of what they mean for this dataset. 
a) a
b) k
c) d
d) c
3) What is your overall equation for this graph, in y = a (sin(
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4) By inspection of your graph, what is the approximate range for this dataset (to the nearest thousand)?
5) If you know the amplitude for a sine curve, how can you calculate the range?  Calculate the range here, based on the amplitude from your graph.
6) What happens to the graph when:
a) the value of a is increased?
b) the value of k is decreased?
c) the value of d is negative?  Is this reasonable for this dataset?  Why/why not?
d) The value of c is negative?  Is this reasonable for this dataset?  Why/why not?  
7) Describe differences in the data between 2000-2001 and 2002-2003.
8) Which parameter value(s) would change if the graph was a cosine equation instead 
[y = a (cos(
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 (x - d)) + c]?  Why?
9) Based on your current equation for the graph, estimate what the new (changed) parameter value(s) would be for a cosine graph.
10)  Paste your sine graph here.
***** RETURN TO YOUR INSTRUCTION SHEET AND COMPLETE STEPS #17-21 BEFORE ANSWERING QUESTIONS #11 TO 15. *****


11) What is/are your new value(s) for the parameter(s) that changed?  What do these changes represent?
12) Write your cosine equation here in the form y = a (cos(
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 (x - d)) + c, with your best choices for the slider values.
13) Summarize your findings about the similarities and differences between sine and cosine curves.
14) Paste your cosine graph here.
15) How could your findings regarding the pattern of monthly marriage data be useful to:

a) People planning a wedding?

b) People who offer wedding services (e.g., places of worship, halls, caterers)?  
Student Worksheet
Marriages by Month Sinusoidal Activity
TEACHER VERSION
1) What do the following variables represent (Provide both the term and a full explanation of the term):
a) a?
a represents the amplitude of the sine curve, which is the maximum distance from the centre line.  
b) k?
k represents the period of the curve, which is the length of time to complete one wavelength of the curve.  
c) d?
d represents the phase (horizontal shift) of the curve, which is the number of units the sine curve has moved from its starting position to the left or right.
d) c?
c represents the displacement (vertical shift) of the curve, which is the value of the central axis about which the function oscillates.
2) Provide your best values for the parameters below and an explanation of what they mean for this dataset. 
a) a
Answers vary – 11 165 used in this example.  This means that, from the middle value (c), the curve varies by 11 165 both upwards and downwards.  In other words, the number of marriages varies from the average number by 11 165.  
b) k
Answers vary – 11.72 used in this example.  This means that the period of the graph is 11.72 months.  In other words, it takes 11.72 months for the cycle to repeat itself. 
c) d
Answers vary – 4.95 used in this example.  This means that this graph is shifted by 4.95 units to the right, so the equivalent point to (0, 0) on a basic sine curve occurs in the fifth month, May.
d) c
Answers vary – 14 924 used in this example.  This means that the graph is shifted from a basic sine curve by 14 924 units up.  In other words, the centre line is now at y = 14 924 instead of being the x-axis (y = 0), which means the average number of marriages is approximately 15 000 per month.
3) What is your overall equation for this graph, in y = a (sin(
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Answers vary.  In this example: y = 11 165 (sin(
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 (x – 4.95)) + 14 924.
4) By inspection of your graph, what is the approximate range for this dataset (to the nearest thousand)?

The approximate range is 4000 ≤ y ≤ 27 000, which constitutes a range of 23 000.
5) If you know the amplitude for a sine curve, how can you calculate the range?  Calculate the range here, based on the amplitude from your graph.

Range = 2 x Amplitude


Range = 2(11 165)


Range = 22 330
6) What happens to the graph when:
a) the value of a is increased?
The amplitude of the graph increases, which in turn increases the range.
b) the value of k is decreased?
The graph is stretched horizontally, which increases the wavelength/period.

c) the value of d is negative?  Is this reasonable for this dataset?  Why/why not?
The graph has a horizontal phase shift to the left.  This is reasonable because it is the shift from the basic sine curve, so it can be to the left or right and still be valid.

d) the value of c is negative?  Is this reasonable for this dataset?  Why/why not?
The centre line shifts vertically below the x-axis.  This is not reasonable for this dataset because it would indicate a negative number of marriages, which is impossible.  
7) Describe differences in the data between 2000-2001 and 2002-2003.
In 2000-2001, the data fit the sine curve very smoothly without any outliers.  In 2002-2003, the month of August is an outlier (much higher), so the rest of the curve actually has a smaller amplitude than in 2000-2001.  This means (ignoring the August outlier) that there is less variability and a smaller range in the data in 2000-2001 than 2002-2003.
8) Which parameter value(s) would change if the graph was a cosine equation instead 
[y = a (cos(
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If this was a cosine equation, the only parameter value that would change would be d (horizontal phase shift).  This is because the sine curve and cosine curves are identical except for a horizontal phase shift.    

9) Based on your current equation for the graph, estimate what the new (changed) parameter value(s) would be for a cosine graph.
The translation from a sine graph to a cosine graph is ¼ of a wavelength.  So, the curve should shift 11.72/4 = 2.93 units translated to the right (as the data points are initially right-shifted for a sine curve), so the d value should be approximately 
4.7 + 2.93 = 7.63.
10) Paste your sine graph here.
[image: image14.emf]Number_of_Marriages = 

a

  

k

Month d      sin c +

0

5000

10000

15000

20000

25000

30000

35000

Month

0 5 10 15 20 25 30 35 40 45 50

Marriages by Month

Scatter Plot




11) What is/are your new value(s) for the parameter(s) that changed?  What do these changes represent?

Answers vary – In this example, the new value for d is 7.68. This represents that the cosine graph is horizontally shifted by 7.68 units to the right of a basic cosine graph.
12) Write your cosine equation here in the form y = a (cos(
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 (x - d)) + c, with your best choices for the slider values.
Answers vary.  In this example, y = 11 165 (cos(
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13) Summarize your findings about the similarities and differences between sine and cosine curves.
Sine and cosine graphs have the same amplitudes, periods, displacements (vertical shifts), ranges, and wavelengths.  However, cosine curves are horizontally shifted from sine curves by ¼ wavelength to the left.
14) Paste your cosine graph here.
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15) How could your findings regarding the pattern of monthly marriage data be useful to:

a) People planning a wedding?

Answers vary.  For example: If people planning a wedding were aware of this data, they would realize whether the month in which they want to get married is one with many weddings or not, typically.  So, if they wanted to get married in the summer, they would need to plan further ahead and book things earlier than a couple getting married in the winter months.
b) People who offer wedding services (e.g., places of worship, halls, caterers)? 
Answers vary.  For example: If people in the wedding industry were aware of this data, they would know when they would need to hire more staff because they would be busier. 
Statistics Canada and Fathom





Fathom is licensed by the Ministry of Education and used by schools in some provinces. Providing the Fathom format is in no way an endorsement or recommendation of the Fathom software by Statistics Canada.
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