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Mathematics Il EOCT INTRODUCTION

INTRODUCTION

This study guide is designed to help students pecjoetake the Georgia End-of-Course Test
(EOCT) forMathematics Il. This study guide provides information about tl@H, tips on
how to prepare for it, and some suggested strategiglents can use to perform their best.

What is the EOCT? The EOCT program was created to improve studgrneaement through
effective instruction and assessment of the stalsdarthe Georgia Performance Standards
(GPS) specific to the eight EOCT core high schaoirses. The EOCT program also helps to
ensure that all Georgia students have accessgoraus curriculum that meets high
performance standards. The purpose of the EOGY psavide diagnostic data that can be used
to enhance the effectiveness of schools’ instraaliprograms.

The Georgia End-of-Course Testing program is ate$the A+ Educational Reform Act of
2000, O.C.G.A820-2-281. This act requires that the Georgia Diepant of Education create
end-of-course assessments for students in gratthee8yh 12 for the following core high school
subjects:

Mathematics

Mathematics I: Algebra/Geometry/Statistics
Mathematics Il: Geometry/Algebra Il/Statistics

Social Studies

United States History
Economics/Business/Free Enterprise

Science

Biology
Physical Science

English Language Arts

Ninth Grade Literature and Composition
American Literature and Composition

Since the EOCT program is designed to measuredarsfs mastery of a specific curriculum, if
the curriculum changes, so too must the test. d¢usirred in 2005, when the Georgia
Department of Education modified and revised théesd Mathematics curriculum. This new
curriculum was implemented in high school classreatarting in 2007-2008. Due to this
change, thiathematics IEOCT was developed in order to reflect the updateddstats, and
this study guide has also been revised appropyitdetover the new set of standards.

1
Copyright © 2009 by the Georgia Department of Etioces All Rights Reserved



Mathematics Il EOCT

How TO USE THE STUDY GUIDE

How To USE THE StubY GUIDE

This study guide is designed to help you prepare to
take theMathematics IIEOCT. It will give you
valuable information about the EOCT, explain

how to prepare to take the EOCT, and provide
some opportunities to practice for the EOCT. The
study guide is organized into three sections. Each
section focuses on a different aspect of the EOCT.

The OverviIEw OoF THEEOCT section on page 4
gives information about the test: dates, time,
guestion format, and number of questions that will
be on theviathematics IIEOCT. This

information can help you better understand the
testing situation and what you will be asked to do.

The REPARING FOR THEEOCT section that begins
on page 5 provides helpful information on study

skills and general test-taking skills and strategie

It explains how to prepare before taking the test

and what to do during the test to ensure the best
test-taking situation possible.

The TESTCONTENT section that begins on

page 11 explains what tivathematics IIEOCT
specifically measures. When you know the test
content and how you will be asked to demonstrate
your knowledge, it will help you be better
prepared for the EOCT. This section also contains
some sample EOCT test questions, helpful for
gaining an understanding of how a standard may
be tested.

With some time, determination, and guided
preparation, you will be better prepared to take th
Mathematics IIEOCT.

GET IT TOGETHER

In order to make the most of this
study guide, you should have the
following:

Materials:

This study guide
Pen or pencil

* Highlighter

*  Paper

* %

Resources:
* Classroom notes
*  Mathematics textbook
* A teacher or other adult

Study Space:

* Comfortable (but not too
comfortable)

Good lighting
Minimal distractions
Enough work space

Time Commitment:
* When are you going to study?

* How long are you going to
study?

Determination:
*  Willingness to improve
* Plan for meeting goals

2
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Mathematics Il EOCT How TO USE THE STUDY GUIDE

SUGGESTED STEPS FOR USING THIS STUDY GUIDE

Familiarize yourself with the structure and purpogéhe study guide.

1 (You should have already read tingobucTiION andHow TOUSE THE
Stuby GUIDE. Take a few minutes to look through the rest ofdtugly
guide to become familiar with how it is arranged.)

2 Learn about the test and expectations of perforeanc
(Read Q¥ERVIEW OF THEEOCT.)

3 Improve your study skills and test-taking strategie
(ReadPREPARING FOR THEEOCT.)

Learn what the test will assess by studying eadhama the strategies for
4 answering questions that assess the standards imih
(ReadTESTCONTENT.)

Answer the sample test question at the end of kesslon. Check your
5 answer against the answer given to see how weltyeu
(See ESTCONTENT.)

3
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Mathematics Il EOCT OVERVIEW OF THE EOCT

OVERVIEW OF THE EOCT

Good test takers understand the importance of kmpas much about a test as possible. This
information can help you determine how to study prepare for the EOCT and how to pace
yourself during the test. The box below gives yanapshot of thathematics IEOCT and

other important information.

THE EOCT AT A GLANCE

Administration Dates:

The EOCT has three primary annual testing dates: once in the spring, once in the
summer, and once in the winter. There are also mid-month, online tests given in
August, September, October, November, February, and March.

Administration Time:

Each EOCT is composed of two sections, and students are given 60 minutes to
complete each section. There is also a short stretch break between the two sections
of the test.

Question Format:
All the questions on the EOCT are multiple-choice.

Number of Questions:

Each section of the Mathematics Il EOCT contains 31 questions; there are a total of
62 questions on the Mathematics Il EOCT.

Impact on Course Grade:
A student’s EOCT score is averaged in as 15% of his/her final course grade.

If you have additional administrative questionsareling the EOCT, please visit the Georgia
Department of Education Web site at www.doe.k12gasee your teacher, or see your school
test coordinator.
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Mathematics Il EOCT PREPARING FOR THE EOCT

( PREPARING FOR THE EOCT \‘

WARNING!
You cannot prepare for this kind of test in one nigpt. Questions will ask you to apply your
knowledge, not list specific facts. Preparing forlie EOCT will take time, effort, and
practice.

To do your best on thdathematics IIEOCT, it is important that you take the time necessary
prepare for this test and develop those skillswikhelp you take the EOCT.

First, you need to make the most of your classregperiences and test preparation time by
using goodstudy skills. Second, it is helpful to know genetast-taking strategiesto ensure
that you will achieve your best score.

Study Skills
yan A LOOK AT YOUR STUDY SKILLS ]
E_J ~J Before you begin preparing for this test, you might want to consider
"E._=/ your answers to the following questions. You may write your answers
> here or on a separate piece of paper.
Qg 1. How would you describe yourself as a student?
Response:
2. What are your study skills strengths and/or weaknesses as a
student?
Response:

3. How do you typically prepare for a mathematics test?
Response:

4. Are there study methods you find particularly helpful? If so, what are
they?
Response:

5. Describe an ideal study situation (environment).
Response:

6. Describe your actual study environment.
Response:

7. What can you change about the way you study to make your study
time more productive?

Response:

5
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Mathematics Il EOCT PREPARING FOR THE EOCT

Effective study skills for preparing for the EOCancbe divided into three categories:

Time Management
Organization
Active Participation

Time Management

Do you have a plan for preparing for the EOCT? ©#ftidents have good
intentions for studying and preparing for a test, without a plan, many students
fall short of their goals. Here are some stratetpesonsider when developing your
study plan:

Set realistic goals for what you want to accomptishing each study session
and chart your progress.

Study during your most productive time of the day.
Study for reasonable amounts of time. Marathonystigdis not productive.

Take frequent breaks. Breaks can help you stays&tuDoing some quick exercises
(e.g., sit-ups or jumping jacks) can help you stkeyt.

Be consistent. Establish your routine and stici.to
Study the most challenging test content first.

For each study session, build in time to reviewtwla learned in your last
study session.

Evaluate your accomplishments at the end of eaaty ftession.
Reward yourself for a job well done.

Organization ‘ii 2!
You don’t want to waste your study time. SearcHorgmaterials, trying to find a

place to study, and debating what and how to staayall keep you from having
a productive study session. Get organized anddy@aped. Here are a few
organizational strategies to consider:

Establish a study area that has minimal distrastion
Gather your materials in advance.

Develop and implement your study plan (see Apparsdie-D for sample study plan
sheets).

6
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Active Participation

Students who actively study will learn and retaformation longer. Active studying
also helps you stay more alert and be more progriethile learning new information.
What is active studying? It can be anything thas geu to interact with the material
you are studying. Here are a few suggestions:

Carefully read the information and then DO sonmgthvith it. Mark the important points
with a highlighter, circle it with a pen, write @ston it, or summarize the information in
your own words.

Ask questions. As you study, questions often comteeyour mind. Write them down and
actively seek the answers.

Create sample test questions and answer them.
Find a friend who is also planning to take trst s;nd quiz each other.

Test-taking Strategies

There are many test-taking strategies that yowsarbefore and during a test to help you have
the most successful testing situation possibleoBelre a few questions to help you take a look
at your test-taking skills.

A LOOK AT YOUR TEST-TAKING SKILLS

As you prepare to take the EOCT, you might want to consider your
answers to the following questions. You may write your answers here
Or on your own paper.

How would you describe your test-taking skills?
Response:

2. How do you feel when you are taking a test?
Response:

3. List the strategies that you already know and use when you are
taking a test.

Response:

4. List test-taking behaviors you use that contribute to your success
when preparing for and taking a test.

Response:

5. What would you like to learn about taking tests?
Response:

7
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Suggested Strategies to Prepare for the EOCT

¢ Learn from the pastThink about your daily/weekly grades in your matladics classes (past
and present) to answer the following questions:

In which specific areas of mathematics were yoareryou successful?

Response:

Is there anything that has kept you from achievViigiher scores?

Response:

What changes should you implement to achieve higberes?

Response:

Before taking the EOCT, work toward removing or mmizing any obstacles that might stand
in the way of performing your best. The test prapan ideas and test-taking strategies in this
section are designed to help guide you to accomhis.

¢ Be preparedThe best way to perform well on the EOCT is to beppred. In order to do this,
it is important that you know what standards/skii be measured on thdathematics Il
EOCT and then practice understanding and using thaselatds/skills. TheBSTCONTENT
section of this study guide is designed to help yoderstand the specific standards that are
on theMathematics IIEOCT and give you suggestions for how to study thedsteds that
will be assessed. Take the time to read throughntfaiterial and follow the study suggestions.
You can also ask your math teacher for any suggeshe or she might offer on preparing for
the EOCT.

¢ Start now.Don’t wait until the last minute to start preparifegin early and pace yourself.
By preparing a little bit each day, you will retdire information longer and increase your
confidence level. Find out when the EOCT will benanistered, so you can allocate your time
appropriately.

8
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Mathematics Il EOCT PREPARING FOR THE EOCT

I

Suggested Strategies the Day before the EOCg2e 7w » = =

22 23 24 25 26 27 28

29 [30 Test

Review what you learned from this study guide

1. Review the general test-taking strategies discusstte Tor 10 SUGGESTED
STRATEGIES DURING THEEOCT on page 10.

2. Review the content information discussed in tBSTICONTENT section beginningn
page 11

3. Focus your attention on the main topic, or toptkcat you are most in need of
improving.

Take care of yourself

1. Tryto get a good night's sleep. Most people needwerage of eight hours, but
everyone’s sleep needs are different.

2. Don't drastically alter your routine. If you go bed too early, you might lie in bed
thinking about the test. You want to get enougkskso you can do your best.

Suggested Strategies the Morning of the EOCT

Eat a good breakfastChoose foods high in protein for breakfast (anddoch if the test is
given in the afternoon). Some examples of foodk mgprotein are peanut butter, meat, and
eggs. Protein gives you long-lasting, consistestgynthat will stay with you through the test
to help you concentrate better. Avoid foods higkugar content. It is a misconception that
sugar sustains energy—atfter an initial boost, swgbhquickly make you more tired and
drained. Also, don’t eat too much. A heavy meal weake you feel tired. So think about
what you eat before the test.

Dress appropriately. If you are too hot or too cold during the testan affect your
performance. It is a good idea to dress in laysrgjou can stay comfortable, regardless of
the room temperature, and keep your mind on the EOC

Arrive for the test on time. Racing late into the testing room can cause yaiau the test
feeling anxious. You want to be on time and pregare

9
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TOP 10

Suggested Strategies during the EOCT

These general test-taking strategies can help gowdr best during the EOCT.

1
2

X N SN W

10

Focus on the testm Try to block out whatever is going on ardwyou. Take your time and think
about what you are asked to do. Listen carefullgiitthe directions.

Budget your time. Be sure that you allocate an appropriate amoutitnaf to work on each
guestion on the test.

Take a quick break if you begin to feel tired.To do this, put your pencil down, relax in youaah
and take a few deep breaths. Then, sit up strgagiit,up your pencil, and begin to concentratehmn t
test again. Remember that each test section isGniginutes.

Use positive self-talklf you find yourself saying negative things to yseif such as “l can't pass this
test,” it is important to recognize that you aréengahis. Stop and think positive thoughts suchl as
prepared for this test, and | am going to do my.béstting the negative thoughts take over caeétff
how you take the test and your test score.

Mark in your test booklet. ,/' Mark key ideas or things you want to comekitadn your test
booklet. Remember that only the answers markecan gnswer sheet will be scored.

Read the entire question and the possible answer aices.It is important to read the entire question
so you know what it is asking. Read each possiavar choice. Do not mark the first one that “looks
good.”

Use what you know'@ Draw on what you have learned in class, from thidysguide, and during
your study sessions to help you answer the question

Use content domain-specific strategies to answerdlguestionsin the TESTCONTENT section, there
are a number of specific strategies that you cartaibelp improve your test performance. Spend time
learning these helpful strategies, so you canhe® while taking the test.

Think logically. If you have tried your best to answer a questiginybu just aren’t sure, use the
process of elimination. Look at each possible ansheice. If it doesn’t seem like a logical respans
eliminate it. Do this until you've narrowed downurachoices. If this doesn’t work, take your best
educated guess. It is better to mark something dbaumto leave it blank.

Check your answers.  When you have finished the test, go back and chieak work.

A WORD ON TEST ANXIETY

It is normal to have some stress when preparing for and taking a test. It is what helps motivate us to study
and try our best. Some students, however, experience anxiety that goes beyond normal test “jitters.” If
you feel you are suffering from test anxiety that is keeping you from performing at your best, please speak
to your school counselor, who can direct you to resources to help you address this problem.

10
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TEST CONTENT

Up to this point in this study guide, you have b&arning various strategies on how to prepare
for and take the EOCT. This section focuses on wiilabe tested. It also includes sample
guestions that will let you apply what you haveheal in your classes and from this study guide.

This section of the study guide will help you leard review the various mathematical concepts
that will appear on th®lathematics IIEOCT. Sincemathematicss a broad term that covers
many different topics, the state of Georgia hagdéw it into three major areas of knowledge
calledcontent strands The content strands are broad categories. Eaitte @ontent strands is
broken down into big ideas. These big ideas aledabntent standardsor just standards. Each
content strand contains standards that cover diftadeas related to the content strand. Each
guestion on the EOCT measures an individual standdhin a content strand.

The three content strands for tathematics IEOCT are AlgebraGeometryand Data
Analysis and ProbabilityThey are important for several reasons. Togethey, cover the major
skills and concepts needed to understand and swdtieematical problems. These skills have
many practical applications in the real world. Amatmore immediate reason that the content
strands are important has to do with test preparafihe best way to prepare for any test is to
study and know the material measured on the test.

This study guide is organized in girits that review the material covered within the sixtsiof

the Mathematics Il GPS Frameworks. It is presebietbpic rather than by strand or standard
(although those are listed at the beginning of eachand are integral to each topic). The more
you understand about the topics in each unit, teatgr your chances of getting a good score on
the EOCT.

11
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Studying the Content Standards and Topics
(Unit 1—Unit 6)

You should be familiar with many of the contentstards and topics that follow. It makes sense
to spend more time studying the content standardgapics that you think may cause you
problems. Even so, do not skip over any of theng T#sTCONTENT section has been organized
into six units. Each unit is organized by the foling features:

Introduction: an overview of what will be discussed in the unit
Key Standards information about the specific standards that el addressed

(NOTE: The names of the standards may not be thet @ames used by the Georgia
Department of Education.)

Main Topics: the broad subjects covered in the unit
Each Main Topic includes:

o Key ldeas definitions of important words and ideas as weltlascriptions,
examples, and steps for solving problems.

0 Review Examples problems with solutions showing possible ways tevaer given
guestions

o0 EOCT Practice Items sample multiple-choice questions similar to tesns on the
Mathematics IIEOCT with answer keys provided

With some time, determination, and guided prepamnatyou will be better prepared to take the
Mathematics IIEOCT.

12
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Mathematics Il EOCT UNIT 1: QUADRATIC FUNCTIONS

Unitl
Quadratic Functions

This unit extends the study of quadratic functitmsclude in-depth analysis of general
quadratic functions in both the standard fofifx) axX bx cand in the vertex form

f(x) a(x H?> k which is introduced in this unit. Strategies fimding solutions to

guadratic equations are extended to include solviam through factoring and using the
guadratic formula, which can be used to solve amdeptic equation. Study of the quadratic
formula introduces complex numbers; the arithmeticomplex numbers also is introduced and
explored. Connections are made between algebrsudtseand characteristics of the graphics of
guadratic functions. These connections are usedlt@ quadratic equations and inequalities. In
addition, sums of terms of finite arithmetic seqeesnhare explored as examples of a quadratic
function. This work provides a foundation for madgldata with quadratic functions, a topic
that will be explored later in Mathematics I

KEY STANDARDS

MM2N1. Students will represent and operate with corplex numbers.
a. Write square roots of negative numbers in imagirierm.
b. Write complex numbers in the foran+ bi.
c. Add, subtract, multiply, and divide complex numbers
d. Simplify expressions involving complex numbers.

2
MM2A3. Students will analyze quadratic functions inthe formsf(x) =ax + bx+c

2
and f(x) =a(x—h) +k.
a. Convert between standard and vertex form.

2

b. Graph quadratic functions as transformations ofdinetion ff) = x .

c. Investigate and explain characteristics of quadfatictions, including domain,
range, vertex, axis of symmetry, zeros, interceptgema, intervals of increase and
decrease, and rates of change.

d. Explore arithmetic series and various ways of caimguheir sums.

e. Explore sequences of partial sums of arithmetiesers examples of quadratic
functions.

MM2A4. Students will solve quadratic equations andnequalities in one variable.
a. Solve equations graphically using appropriate tetdgy.
b. Find real and complex solutions of equations bydiaeg, taking square roots, and
applying the quadratic formula.
c. Analyze the nature of roots using technology andguthe discriminant.
d. Solve quadratic inequalities both graphically algghlraically, and describe the
solutions using linear inequalities.

13
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QUADRATIC FUNCTIONS

*

1. Quadratic functions can be located on a coordipkziee by horizontal and vertical shifts
of the graph of the functiori (x) X°.

A horizontal shiftof h units is represented by the functidiix) (x Hh)?>. Note that ith

is positive, i.e., the graph is shifted to the tighs subtracted from. If h is negative, i.e.,
the graph is shifted to the leftis added to.

A vertical shift of k units is represented by the functidiix) x° k In this case, the

direction of the shift agrees with the operatiothe function.

Horizontal and vertical shifts can be combinedh# graph off (x) X is translated so
its vertex is at the pointh, k), it is represented by the functioih(x) (x h?> k

2. The factor of? represents the amouvertical stretchor shrink applied to the graph of
f(x) x°. This factor also determines whether the graph speni.e., has a vertex with
ay-coordinate that representsrenimum value of f (x), or opens down, i.e., has a vertex
with ay-coordinate that representsr@ximum value of f (x).

The general equation for a function with a vertetha point(h,k) and a vertical stretch
factor ofais represented by the function(x) =a(x h* Kk

Example:

a. Graphy xandy (x 3f

b. Make a table to show the valuesxandy for both equations for=-2, -1, 0, 1, 2, 3,
4, and 5.

c. Describe how subtracting 3 from the valuexafi the parent functiory x* affects
the graph ofy (x 3)°.

14
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UNIT 1: QUADRATIC FUNCTIONS

Solution:

x | x| (x3)?
-2 4 25
-1 1 16

0 0 9
1 1 4
2 4 1
3 9 0
4 116 1
51 25 4

c. When 3 is subtracted from the valueothe values ofx 3)*are displaced by 3
units from the values of. Therefore, the graph is shifted 3 units to téti

Example:

a. Graphy X andy

0,1, 2, and 3.

x 2

b. Make a table to show the valuesxandy for both equations fox= -4, -3, -2, -1,

c. Describe how adding 2 to the valuexdh the parent functiory x* affects the

graph ofy (x 2)°.

Solution:
a.
Y
A
A M4l
\ 1 y=x
A )
|} |
2\‘ ’:
y=t2)y !
\Y /4
\
hY /)
AY 4
- e >
-5
-3

x | x| (x+2)?
—4 116 4
-3 9 1
2 4 0
-1 1 1

0 0 4
1 1 9
2 4 16
3 9 25

c. When 2 is added to the valuexpthe values ofx 2)*are displaced by 2 units from
the values of®. Therefore, the graph is shifted 2 units to tlie le
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Mathematics Il EOCT
Example:
a. Graphy xandy (x 4 3
b. Describe how the graph of x* is translated to get the graphof (x 4)° 3.
Solution:
a.
Y
47 i
\ 1
\ l
¥ 7
| I
A} 1
[
/4
) \ = (% —4P 43
y=x \ pry=x-4
\\\ ,'I
% 6
-3
Y

x? is translated by 4 units to the right and 3 unfis
k The vertex is located

b. The graph ofy
Thevertexandaxis of symmetnof a quadratic function can be determined direfttiyn
a(x h?

3.
the representation of the function in the for(x)
ad bx ¢ the vertex is located

at the point(h, k) and the axis of symmetry is the lizke h.

For a function represented in standard fornf és)
and the axis of symmetry is the lirxe a
a

4.
, b
at the point —, f —
2a 2a

16
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Example:

Sketch the graph of the function x* 8x 19 on the coordinate plane. Identify the
vertex and the axis of symmetry of the functionité/the same function in the form

y (x h? k
Solution:
Y

8“ é
! y=x*—8x+19
E y=(x—-4)2+3
\
!
| ttex = (4,3) = (- 2, [ 2)) = (4, /(4))
i vertex , 28’ 2a ’
54———— axis of symmetry x =4 = ;—: = :—g
1

< ! >
~_5 : 6 X

1]
1
1
1

3 !

Y V

5. Every quadratic function has eithemaximum or aminimum valueat the vertex. For a
guadratic function whera is positive, the value of (x) at the vertex represents the
minimum value of the function. To the left of thertex, the functiomlecreases at a
decreasing rateTo the right of the vertex, the functiorcreases at an increasing rate
The rate of increase or decrease is determinelebgtisolute value @ For a quadratic
function wherea is negative, the value of (x) at the vertex represents the maximum
value of the function. To the left of the vertelxe functionincreases at a decreasing rate
To the right of the vertex, the functiolecreases at an increasing rafiehe rate of
increase or decrease is determined by the absdlite ofa.

6. Thex-intercept or intercepts of a quadratic functioa also called theerosof the
function. This is because the value ©fx) is 0 at those points. A quadratic equation may
have 0, 1, or 2 zeros. The zeros on the graphsymorel to theeal solutionsof the
guadratic equation when it is set equal to 0.

17
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Example:

2 Real Solutions

Y

Exactly 1 Real Solution
y y

No Real Solutions

y y

A
 J
=
A
Y
s
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Example:
Sketch the graph of (x) %(x 2)> 2 on the coordinate plane. ldentify the vertex,

the maximum or minimum value, the increasing anttesing behavior, and the zeros
of f (X).

Solution:
We know from the function that the graph has aevedt 2, 2 , it opens down, and has a
width that is twice the width of x  x°. The sketch of the graph is shown below.

RS

Zeroes élt -
0, 0) and (4, 0) Domain: All real numbers

~

Range: All real numbers less
than or equal to 2

19
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UNIT 1: QUADRATIC FUNCTIONS

Example:

This graph shows a quadratic function. Identifytiieimum value of the function, and
show that the function is increasing at an incregsate forx > 4. What is the value &

for this function?

Solution:

Minimum value of f x

Occurs at low point of graph. At that point, the
value ofx is 4 and the value of (x) is —2.

Behavior for x

4

At x =4, the value off (x) is —2.
At x=5, the value off (x) is —1.5.
At x=6, the value off (x) is 0.
At x=7, the value off (x) is 2.5.
At x=8, the value off (x) is 6.

As x increases, the value cff(x) increases as

well. The amount of increase is greater each ti
x increases by 1, s6 (x) is increasing at an

increasing rate fox > 4.

Value ofa

The step-by-step increase in the valuef ¢f) for

each of the steps listed above is 0.5, 1.5, 2, ¢
3.5. Each of these steps is half of the

corresponding step for the functidn(x) = X

when starting from the vertex of the function.
Since f (x) has a minimuma is positive.

Therefore,a= %

ne

AN

20
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Important Tip
You can make a table of values to help determiaevéthue ofa if the graph is difficult to read

precisely at the points that are 1 unit (in terrhg-wvalue) from the vertex. Faa =1, the

absolute value of the change fr{x) for each 1-unit change iis the set odd numbers: 1, 3,

517, ... .Fora=£, the corresponding values a%e1=—1, 1 3=1£, 1 5= 2—1,
2 2 2 2 2 2 2

17232

2 2

REVIEW EXAMPLES

1) This graph represents a quadratic function.

@ "o o

Identify the location of the vertex.

. Write an equation to represent the axis of symmetry

Describe the horizontal and vertical shifts andwegical stretch or shrink that could be
applied to the graph of  x* to get this graph.

Write an equation in the forrg  a x h? kto represent this function.

What are the zeros and thentercept of the function?
What are the domain and range of the function?

On what interval or intervals is the function ineseng? On what interval or intervals is
the function decreasing? For each interval, stétetlher the rate of increase or decrease
is increasing or decreasing.

21
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Solution:

a.
b.

C.

(32
X 3

Horizontal shift: 3 units left
Vertical shift: 2 units up

Stretch factor: %
1
=(x 3¢ 2
y 2( )
Zeros: =5 and —}-intercept: —2.5 (oF g)

Domain:{-¥< ¥ } Range{-¥< ¢ 2}
The function is increasing on the inter\{a¥ < X- 3} ; the rate of increase is

decreasing for the whole interval. The functiodesreasing on the interval
{-3< x<¥}; the rate of decrease is increasing for the whukval.

2) Philip is standing on a rock ledge that juts owtroa lake. He tosses a rock straight up with a
velocity of 48 feet per second. The rock leaveshhizd at a point 64 feet above the surface
of the lake. The rock travels upward and then falis the lake.

This graph and table represent the height abovev#iter, h(t), as a function of the time, in
seconds after Philip releases the rock.

a. What is the maximum height the rock reaches abloeesurface of the lake?
b. After how many seconds does the rock hit the sartd¢he lake?

C.

Identify the vertex and the axis of symmetry of ¢naph.

22
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d. What does thg-intercept of the graph represent in this cont&¥tiat does the
x-intercept represent?

e. For approximately how many seconds is the rockadtl80 feet above the surface
of the lake?

f. Write a function in the fornh(t) a(t h)?® k that is represented by the graph.

g. Inthis problem, what are the domain and rangb(of?

h. Write the function from part f in standard(t) at® bt c¢ form.

i. Explain how the values @& b, andc in the function you wrote in part h relate to the
problem situation.

Solution:

a. 100 feet

b. 4 seconds

c. Vertex: (1.5, 100); Axis of symmetry:t =1.5 second

d. They-intercept represents the height from which Philgased the rock. Theintercept
represents the timg,at which the rock hit the surface of the lake.

e. About 2.2 seconds

f. h(t) 16t 1.5f 10(

g. Domain:0 t 4; Range:0 h(t) 100

h. h(t) 16t° 48 6¢

-16 Lé is the force of gravity (negative means it’s in tteevnward direction)
se

48 ft is the initial velocity of the rock (positive meait's in the upward direction)
sec

64 (ft.) is the initial height of the rock whenwts released
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EOCT Practice ltems

1) The quadratic function f x has these characteristics:

2)

The vertex is located at 8, 2 .
Therangeis 2 f X

Which function could be f x ?

A (%) %XZ 8x 30
B. f(x) %XZ 8x 31
C. t(x %XZ 8x 34

D. f(x) %xz 2x 6
[Key: A]

The vertex of the quadratic function g x is located at 4, 2 . An x-interceptof g x is
located at 5, 0 . What is they-intercept of g x ?

A. (0, 30)
B. (0, 14)
C. (0, 4)
D. (0,3)

[Key: A]
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SOLUTIONS OF QUADRATIC FUNCTIONS

1. Factorable quadratic equations can be solved ukiagroperty of multiplication:
if ab= 0, then eithera=0o0rb=0
Thus,if(x p)(x 9 O,then(x p) Oor(x q) O;ie,x porx @

2. Quadratic equations in the vertex forth a(t h)> k can be solved by subtractikg

from each side to geg (t h)?% this meangt h) \/E and, thereforet, h g

3. Thequadratic formulagives a general solution &my quadratic equation of the form
0 ax bx c The formula expresses the values tfiat are solutions as follows:

b Vb* 4ac

2a

The value of theliscriminant, vb®> 4ac, determines the number and character of the
solutions to a quadratic equation.

If b> 4ac 0, the equation hasvo real solutions.

If b> 4ac 0, the equation hasxactly onereal solution.

If b> 4ac 0, the equation haso realsolutions; there are twapmplex
solutions.

Note that the number and character of the solutiom@squadratic equation correspond to
the number of zeros of the graph of the quadratiction, as illustrated in Key Ide&#n
pages 15-16.

REVIEW EXAMPLES

1) Consider the functiorf (x) %(x 3> 2 from the previous set of review examples.

a. Solve the equatiorf (x) O.
b. Write the function in standard form and use thedgatc formula to verify the solutions
you found in part a.
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Solution:
1
a 0 Z(x 3 2

2( )
1

2  =(x 37
2( )

4 (x 3

(x 3) 2o0rx 3 Z
X 1 or x <

b. 0 1x2 3xE
2 2
( 3 \/(3)2 g o2
2
X 1
2i
2
3 94§
4
X
1
. 3 V4
1
x?’—zorLZ 5o0r ]
1 1

Note that these solutions correspond to the zertsei graph and that they are
symmetrical about the axis of symmetry.

2) Consider the function from the previous review egbeanin which Philip tossed a rock that
landed in the lake. In standard form, the functgrepresented bi t 16t° 48 64

a. Solve the equatiom(t) O.
b. Solve the equatio(t) 80.

Solution:

a. 0 168> 48 6¢
This function has a common factor of -16: 16¢> 3 4)
0 (t* 3 4)
0O t 4t 21
t lort 4(seconds)
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The solutiont = 4 corresponds with the solution found by readivggraph. Note that the
solutiont = —1 has no meaning in this problem situation.

Important Tip

When finding solutions to a quadratic equation thatlels a real-world situation, always
check to make sure the solutions have meaningeiptbblem situation.

b. 80 16> 48 6«
0 18° 48 1€
0 t* 3 1 (divide both sides by the common factor of —16)
The expression’” - 3t +1 does not factor, so apply the quadratic formula

(= 63 VO3 400

2(1)

3 5 sfsorsfs
2

2 2

2.6 or 0.2 (seconds)

Note that these solutions both have meaning inpilublem situation. Moreover, they
can be used to find an exact answé seconds to the guestion in part e of that review

example.
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3) Complete the table below by stating whether ea@uiic equation is factorable, the value

of the discriminant, the number and character efsithlutions, and the real solutions.

Equation Factorable? Value of Number and Real solutions
Y/N discriminant character
of solutions
2x%- 10+ 12=
x*-10x+ 12= 0
X +6x+10=0
X +6x+9=0
Solution:
Equation Factorable? Y/N Value of Number and Real solutions
discriminant character
of solutions
2x% - 10x+ 12= C Y 4 2 real solutions X=2
2(x-3)(x 25 O x=3
¥2-10x 12= 0 N 148 2 real solutions X =5++/37
x=5- /37
X2 +6x+10=0 N -4 0 real solutions NA
X2 +6X+9=0 Y 0 1 real solution x=-3
(x+3)°=0

Important Tip

When the value of the discriminant is a perfeciasgquthe real solutions are rational

When the value of the discriminant is 0, therexiao#ly 1 real solution.
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EOCT Practice ltems

1) What are the solutions to the equation289 éx 8 7~

X 270nly

X 750nly

X 27 andx 7!
X 75andx 7!

oo

[Key: C]

2) Use this graph of the functiong x to answer the question.

Which statement about the real solutions ofg x is true?
A. g(X) has no real solutions.

B. g(x) has exactly one real solution.

C. g(X) has two real solutions that are rational.

D. g(x) has two real solutions that are irrational.

[Key: A]
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IMAGINARY AND COMPLEX NUMBERS

1. The basis of the complex number system is theisoltb the equatiorn® 1. There is
no real number that, when multiplied by itselfetpual to —1. This was solved by defining

the imaginary numbeérsuch thai >  Lie.,i + 1

2. For quadratic equations in which the value of tlseriminant is less than 0, the solutions

have the forma bi, wherea andb are real numbers arid v 1. Such numbers are
calledcomplex numbers

Example:

What are the solutions to the equatidh 6x 10 0%

Solution:

We already know from review example #3 in the pdéug section that this equation has
no real solutions. When we apply the quadratic fdanwe get

(6) V(6 4(1)(10)

, which can be simplified to

2(1)

Applying the rules of arithmetic with respect taiage roots and using the definitionipf
J 4 Ja J 1 2,allows the solutions to be simplified as

X 3 i andx 3

Important Tip

Complex solutions to quadratic equations will ale/énave the form
Xx=a+bior x=a- bi. The numbersa+bi and- bi are known as eonjugate pair

3.  Arithmetic operations on complex numbers follow fagne rules that apply to arithmetic
operations on real numbers and algebraic expresdiam example, addition, subtraction,
and multiplication work as follows.
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(@ bi) (¢c d)y (a 9 (b d]thatis,toadd (or subtract) complex
numbers, add the real parts and then add the i@ggoarts.

(a bi(c di) ac (bdi (adi (bdi.Sincei® 1, this expression can

be simplified to(ac bd) (bc ad.
Division of complex numbers makes use of the faatthe product of a complex humber
and its conjugate is a real numbefo divide complex numbers, multiply both the
dividend and the divisor by the conjugate of thadtir, and then proceed according to the
rules for multiplication and simplification of corgx numbers.

(@ bi) (a bi)(c d) (ac bg (bc ajyi (ac bd ( bc ad

(c di)y (c dij(c dj ¢ o ¢ o

Any complex number can be represented as a poiatamordinate plane in which the
horizontal axis represents the real part and thigcat axis represents the imaginary part.
Theabsolute valueof a complex number is defined as the distandbepoint(a, b) from

the origin. After applying the Cartesian distanoarfula, the absolute value af bi is
a> b’

REVIEW EXAMPLES:

1) What are the values of, i*’, and **° *

Solution:

All three expressions are equivaleni.to

2) Simplify the following expressions:

a. 2 §
b. 2i §
c. 5 2
d. 15 /40
Solution:

a. 7i
b. -10

5
c. —

2
d. -10/6
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3) Simplify the following expressions:
a. (3+2)+(15- 8)

(3+2)- 15 8)

(3+2) (15 8)

(15-9) (3 2)

3+2)

3+2) (3 2)

-0 oo00T

Solution:

a. 18- G
b. -12+ 10
c. 61+4

q 29 54

13 13
- 44
13

i 0]

4) What is the absolute value @5- )%

Solution:
The absolute value is 17.

Important Tip

As with all division problems, you can verify thesult of division of complex numbers
by multiplying the quotient by the divisor; the uétsshould be the original dividend.
Using the complex numbers from review example 3ulab

29 54 87 162 58 108
| — —

g N D
13 13 13 13 13 13
195 104 o g
13 13
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EOCT Practice ltem

A.

Which expression is equivalent tol';'—ia?
19 22
3 3
2 2
3 3
19 22
5 5
2 2
5 5

[Key: D]

ARITHMETIC SERIES AND
SUMS OF FINITE ARITHMETIC SERIES

A finite arithmetic serieds a series of numbers in which the differenceveen each term
is constant and contains both a starting and ertéimg. For example, the series 1, 2, 3, 4,
5, ...,nis finite because the difference between each &mnthe next one is 1.

An arithmetic series can be defined in one of tvaysv aclosed formdefinition tells how
to find the value of the™ term. Arecursivedefinition gives the first term and a formula
for finding the a+1)" term, given the value of thd' term. Using the series from Key Idea

#1 and definingl, as then™ term, a closed form definition would e n and a
recursive definition wouldb&, , T, 1, T 1.

Many different real-life situations can be solvadfinding the partial sum of the finite
arithmetic series 1, 2, 3, 4, .n, The partial sum of the seriesis 1+ 2 + 3 + .n. ¥he

sum can be found by pairing the terfds n) (2 n 1) (3 n 2) .. The value of
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n(n 1)

each term is equal tth 1)and there ar(-,g of them; hence the sum+52—. For an

nt_t)

arithmetic series with a first term of and a last term dof,,, the sum is——"=.

The partial sums of other arithmetic series casdmn as translations of this one.

The square numbers {1, 4, 9, 16, 25, ...} are théigdaaums of the arithmetic series of
odd integers.

REVIEW EXAMPLES:

1) A university runs bus service to the following tasviburham, Portsmouth, Lee, Dover, and
Newington.

a.
b.

How many routes are necessary if each route cosoeet of the towns with Durham?
How many routes are necessary if each route cosoeet of the towns with another, and
there is a route that connects every pair of towitisout having to go through Durham?
Suppose the university decides to add routes taatiditional towns. How many
additional routes will be necessary to meet thalitmm in part a? How many routes will
be necessary to meet the conditions in part b?

Write a closed-form functiori}(t), that represents the number of necessary routesre

IS service td towns to meet the conditions in part b.

Solution:

a.
b.
C.

d.

There are 4 towns other than Durham, so 4 routeseeded.
There are 4 + 3+ 2 + 1 = 10 routes needed.
2 more routes are needed to meet the conditioaringy 6 + 5 = 11 more routes are
needed to meet the conditions in part b.
tt 1)
R() ——=
(t) >

2) Paul starts a new company that will build and geitars. His plan is to build 15 guitars the
first month, 20 guitars the second month, and 2&aguthe third month. He plans to
continue to increase the company’s output by Sagsiéach month.

a.

b.

What is the total number of guitars that Paul’s pany will build in the first year of
production?

Paul plans to stabilize production when it reachés/el of 1000 guitars per month. How
many years will it take to reach this level of puoton?

What is the total number of guitars that the conypaifi have built when this point is
reached?

Write a closed-form functiorG(n), that represents the total number of guitarshiat
have been built aftar months of production.
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Solution:
a. 15 20 25 .. 70 12%3 510 guitz
b. The month in which 1000 guitars will be built ietholution oft0 51 1000 The
solution is 198 months or 16% years.
c. 15 20 25 .. 1,000 19 > 1,000 100,485 guit:
d. G(n) n—15 10 %) —5n2 —25n

2 2 2

EOCT Practice Iltems

1) Which expression represents the sum of the first multiples of 8?

2)

A.

B.
C.
D

an

8n?

4n*  4n
8n* 8n

[Key: C]

Alex started a business making bracelets. She s@0 bracelets the first month. Her goal
is to sell 6 more bracelets each month than she ddahe previous month.

If Alex meets her goal, what is the total number obracelets she will sell in the first 12
months?

A. 378
B. 426
C. 498
D. 756

[Key: D]
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Unit 2
Right Triangle Trigonometry

This unit investigates the properties of rightrigies. Relationships between side lengths and
angle measures are explored, including properfi@9-®0-90 and 45-45-90 triangles and the
trigonometric ratios sine, cosine, and tangent.

KEY STANDARDS

MM2G1. Students will identify and use special rightriangles.
a. Determine the lengths of sides of 30°-60°-90° glas.
b. Determine the lengths of sides of 45°-45°-90° glas.

MM2G2. Students will define and apply sine, cosinegnd tangent ratios to right triangles.
a. Discover the relationship of the trigonometric oatfor similar triangles.
b. Explain the relationship between the trigonomatiitos of complementary angles.
c. Solve application problems using the trigonomatai@s.

RIGHT TRIANGLE RELATIONSHIPS

1. Right triangle relationships are all based on #wt that when one of the triangle
congruence theorems applies, the relative measfites angles and sides are fixed. For
example, if the length of the hypotenuse and measiuone of the acute angles is known,
any triangle with a hypotenuse of that length améeute angle of that measure will be
congruent by the HA theorem. As a result, the lerjtthe other sides and the measures
of the other angles can be determined.

2.  Allright triangles whose acute angles have measof80° and 60° are similar due to
angle-angle-angle (AAA) similarity. In the caseaofight triangle that has acute angles
with measures of 30° and 60°, whereepresents the length of the shorter of the tgs,|
the measures of the sides are as follows:

The length of the shorter legss
The length of the longer leg /3.
The length of the hypotenuse is 2
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3.  Allright triangles whose acute angles have measofd5° are similar as well. In the case
of a right triangle with acute angles that both suea 45°, whers represents the length

of each leg (note that, since the triangle is istes; the two legs are congruent), the
measures of the sides are as follows:

The length of each leg &
The length of the hypotenusess/2.

4. The trigonometric ratiosine, cosing andtangentare defined as ratios of the lengths of
the sides in a right triangle with a given acutglanmeasure. These terms are usually seen
abbreviated asin, cos andtan.

Thesineof angleA is equal to the ratiol,ength of opposite Sld.(
length of hypotenuse

Thecosineof angleA is equal to the rati<,|~ength of adjacent Slc!'
length of hypotenuse

Thetangentof angleA is equal to the ratif‘l,ength of opposite sid

length of adjacent sidt
The tangent of angl& is also equivalent tes%.
cos

Important Tip

It is very important to commit these definitionsnt@mory. Many people use the
mnemonic “Soh Cah Toa” as a memory prompt.

5. The two acute angles of any right triangle are dementary. Relative to those two
angles, the sides that are opposite and adjacengitcen angle are exchanged for the
other angle. As a result, if anglesandQ are complementarysinP = cosQ and
sinQ = cosP
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REVIEW EXAMPLES

1)

The area of a square is 10 square centimeters. M/tieg product of the lengths of the
diagonals of the square?

Solution:

2)

Since the square has an area of 16, ¢ne side lengths can be found by solvixtg 10,
wherex represents the length of a side in centimeterseSonly the positive square root has
meaning in this contextx J10. The diagonals form angles of 45° with the sidetheo
length of each diagonal ig10 V2 /20 2/5cnThe product of the lengths of the

diagonals is thereforey5 2/5 20 cr i.e., the area of the square is equivalent to the
half of the product of the lengths of the diagonals

A parallelogram has sides that are 10 cm and 2og The measure of the acute angles of
the parallelogram is 30°. What is the area of theltelogram?

Solution:

The given information is illustrated in this graphto find the area of the parallelogram, we
need the length of one of the sides, which wasmgigad the corresponding altitude, which is
shown with a dashed line and labeled

The altitude creates a right triangle in which $ide that is 10 cm long is the hypotenuse.
The altitude is the shorter of the two legs; therefits length is half the length of the
hypotenuse, 5 cm. Thus, the area of the parallefogs 200 5 = 100 crf.
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3) What is the area of a regular hexagon with sidasahe 10 cm long?

Solution:

The given information is illustrated in this graphThe point where all six small triangles
share a vertex is the center of the hexagon. Netiethe small triangles are all equilateral so
the measure of the angles of the triangles is BOfind the area of a triangle, we will need
to find the altitude. One altitude of a trianglemarked with a dashed line; the length of the
altitude in centimeters is representechby

The altitude creates a 30-60-90 triangle in whiahlength of the hypotenuse is 10 cm and
the length of the shorter leg is half of 10, omd. @ he altitudeh, is J3times the length of
the shorter leg, s 5J3. The area of each of the six equilateral triangles

% 10 5/3 25/ 3 so the area of the hexagon is 6 times that amasoy 3 cnd

4) A road ascends a hill at an angle of 4°. For e\i®y feet of road, how many feet does the
road ascend?

Solution:

The given information is illustrated in this graphThe vertical ascent is labeled

We need the ratio of the opposite side and the teyyuse, so we will use the sine:
sin4 —— v 100 sin 4  6.976 fee
100
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5) According to building codes, the maximum angle sifemt for a staircase in a home is 42.5°.
To get from the first floor to the second flooramew home, a staircase will have a total
vertical distance of 115.5 inches. What is the mum horizontal distance, to the nearest
inch, needed for the staircase?

Solution:

The given information is illustrated in this graphThe horizontal distance is labeled

We need the ratio of the opposite side and thecadjsside, so we will use the tangent:

tan 42.5 @ h ﬂ 126 inches = 10 feet, 6 incl
h tan 42.5

EOCT Practice Iltems

1) The length of one diagonal of a rhombus is 12 cm.hEé measure of the angle opposite
that diagonal is 60°.

What is the perimeter of the rhombus?

A. 24 cm
B. 48 cm
C. 12/3 cm

D. 24/3 cir
[Key: B]
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2) Angle J and angleK are complementary angles in a right triangle. The alue of tanJ

3)

. 15
IS —.
8

What is the value of sinJ ?

A2

17

B. =
15

c.
17

pD. 1/
15

[Key: C]

Triangle RSTis a right triangle with right angle S, as shown.

What is the area of triangleRST?

A. 6.15 sq. in.
B. 6.54 sq. in.
C. 46.47 sq. in.
D. 49.45 sq. in.
[Key: D]
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Unit 3
Circles and Spheres

This unit investigates the properties of circled apheres. Properties of circles are used to solve
problems involving arcs, angles, sectors, choadggeénts, and secants. The surface area and
volume of spheres are also addressed.

MM2G3.

KEY STANDARDS

Students will understand the properties of acles.

Understand and use properties of chords, tangamtissecants as an application of
triangle similarity.

Understand and use properties of central, inscried related angles.

Use the properties of circles to solve problemsiving the length of an arc and the
area of a sector.

Justify measurements and relationships in circéasgugeometric and algebraic
properties.

. Students will find and compare the measuresf spheres.

Use and apply surface area and volume of a sphere.
Determine the effect on surface area and volunehanging the radius or diameter
of a sphere.

PROPERTIES OF CIRCLES:
CENTRAL ANGLES AND ARC MEASURES

1. The measure of a minor arc of a circle is equéthéomeasure of the corresponding central
angle.

mb APB= mAE
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2. The measure of an angle inscribed in a circle,ithatn angle that has its vertex on the
circle, is half the measure of the correspondinganarc, as shown below.

mDPNQ:% D PQ

mD POQ= mPQ=2( ® PN{

3. Anangle inscribed in a semicircle has a measug®%fas shown below.

D RPQ= 1( mR=L(180)= 90°
o\ MRY=3

REVIEW EXAMPLES

1) In this circle, what is the measure ®PRQ?
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Solution:
The central angleDPOQ), is a right angle senPQ=90°.
mb PRQ:% mPQG 45°.

Note that, regardless of where padiis located on the major aeQ, mb PRQ= 45°.

2) In CircleM below, mb AMB= 50° and AC is a diameter. Fingn AB, mACB, and mBC.

Solution:

SinceDAMB is a central angle anehb AOB=50°, mAB=50°
MACB=360- mAB- 360 56 3Z20.
Since AC is a diametermAC=180°, so mBC=180- 50= 130.

3) In CircleP below, AB is a diameter.

f mb APC=12C, find:

a. mbBPC
b. mbBAC
c. mBC
d. mAC
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Solution:

a. BDAPC andbCPB are supplementary, sob BPC=180- 126G 69

b. TriangleAPCis an isosceles triangle, as two legs are formech8y of the circle.
Therefore the two base angles at pokendC are congruent.

mD BAC:%(180- 120= 30

c. mBC= nb CPB=60° or mBC=2nb BAC=2" 30= 60
d. mAC= nb APC=120.

EOCT Practice Iltems

1) Incircle O, PS is a diameter. The measure oPR is 72°.

What is the measure of SPR?

36°
54°
72°
108°

oOowp

[Key: B]
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2) Quadrilateral WXYZis inscribed in this circle.

Which statement must be true?

DBW andb Y are complementary.
DPW andb Y are supplementary.
DZ andbY are complementary.
DZ andb Y are supplementary.

oo

[Key: B]

3) Isosceles triangleXYZ is inscribed in this circle.

XY zY
mYZ 108

What is the measure of XYZ?

48°
54°
12
108

00w

[Key: C]
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PROPERTIES OF CIRCLES:
TANGENTS, SECANTS, AND CHORDS

1. Atangentline is perpendicular to the radius ofrele that meets it at the point of
tangency, as shown below.

ST is tangent to circl® at pointT. ST OT.

2. The perpendicular bisector of a chord passes thrthegcenter of the circle, as shown
below.

The perpendicular bisectors of each ch@®, and OQ. pass througl®, the center of the
circle.
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3. If two chords intersect, the angles created haweasure that is equal to half of the sum
of the corresponding arc measures, as shown irciticie.

mb PTR= r® STQ%( mPR m:*f

mbPTS= ® RTQ%( mPs mF}

4. The angle created by two secants or by a secard tantjent has a measure that is equal
to half the difference of the corresponding arc soees, as shown in these circles.

mDRPT:%( mRF mQ)E mDSPT:%( mST mR)
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5. The angle created by a tangent and a chord hassuneethat is equal to half the measure
of its intercepted arc, as shown in this circle.

mb STU= % mS’

REVIEW EXAMPLES

1) QuadrilateralJTSKis inscribed in a circle.

Find mKS and mb KNS

Solution:

Minor arcKS is formed by chord&/S and UK These chords also fordlKUS.
mKS=2nb KUS= 2" 60= 120
mTU=2nmD TUS=2" 40- 80

_1 _1 _
mD KNS= E( mKS mTQJ-E(120+ 80 = 100

49
Copyright © 2009 by the Georgia Department of Etioces All Rights Reserved



Mathematics Il EOCT UNIT 3: CIRCLES AND SPHERES

2) In the circle below, chorddM andKN are congruent. They intersect to form an anglé wit
a measure of 72°. In additiomMN =3mJK

Find the measures of minor ardk, MN, JN, and KM

Solution:

mb JLK = %( mMMN+ mJa; using the given information and lettingepresenimJK, we
1 1
have72:§(3x+ X) :5(4)() = 2, sox= 3¢

Thus,mJK=36° andmNM= § 3§= 108

Since JIM @KN, JM @N. Both arcs contaidK, so by subtracting the common arc from
eachJN @KM. If a set of arcs form a complete circle, the sudrtheir measures is 360°.
Hence,mJK+ mKM+ mMN+ mNJ=360, so 36+ mKM +108+ mNJ= 360 But

mJIN= mKM so this equation is equivalent1d4+ Z(mKM) = 360
2(mKM) = 216, somKM = mJN= 108
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3) In circleO, PQ is a diameter. Poir8is on PQ. SU is tangent to circl® at pointT. The
measure oBQTU is 60°.

a. Find mb QPT.

b. Find mb PQT.

c. Find mQT.

d. Find mPT.

e. Find mbQSuU

f. Is it possible to construct this figure such tha QTU= 45° ? Explain why or why not.
Solution:

a. bOQPT@ BQTUso mbQPT=60°

b. BQTP is aright angle sonb PQT= 90- 60= 30

c. mQT=2(nb QPT=12C.

d. mPT=2(nb PQT=60C.

. mDQSU:%( mQF mPJE —;(120 605 30

If mBDQTU=45°, thenmb QPT=45". SinceBDQPT andDTQP are complementary,
then mb TQP= 45" as well. This means th&TQP @ BQTU, making alternate interior
angles congruen?Q TU. Butif PQ TU, pointScannot be on both of those lines.
Therefore, it is not possible that® QTU=45°.
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EOCT Practice ltems

1) In this diagram, segmentQT is tangent to circleP at point T.

The measure of minor arcST is 70°. What ism TQP?

A. 20°
B. 25°
C. 35°
D. 40°

[Key: A]
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2) PointsR, S, T,and U lie on the circle. The measure oRU is represented byx.

What is the value ofx?

A. 70
B. 85
C. 110
D. 140
[Key: B]

3) PointsA, B, DandE lie on the circle.Point C is outside the circle.

AE DE
mBD 56
m EAC 84

What is the measure of ACE ?

A. 28
B. 42°
C. 56°
D. 84

[Key: A]
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PROPERTIES OF CIRCLES:
LINE SEGMENT LENGTHS

1. From a point outside the circle, the segments filoah point to the points of tangency are
congruent, as shown below.

@@?F. Note that OSP@ OTP As a result,P_T @?S and PO bisectsd SPT

2. Properties of other geometric figures (such aslaimriangles, right triangles, or
guadrilaterals) can be combined with propertiesit@les to find lengths of line segments.

REVIEW EXAMPLES

1) A circle has a radius of 7 cm. Polnis located 18 cm outside the circle, wlBT and PS
tangent to the circle at pointsandS, respectively. What are the lengthsf and PS*
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Solution:
This figure illustrates the given information.

SincePT~ OTand P OS trianglesPSOandPTOare right triangles. The Pythagorean
theorem can be used to find the leng@isandPS

PS=J PG - 0%=25- 7%= J625 48 J 5% 2

SincePS=PT, bothPTandPSare 24 cm.

2) The radius of circl® is 20 cm. ChordIK is located 4 cm from the center of the circle.
Chord RS is located 10 cm from the center of the circle.

a. What are the lengths of chord& and RS?
b. What is the measure @ORS?

Solution:
The circle below is a drawing of the situation ddsad.
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By forming triangles using the chords and the aeoft¢he circle, properties of right triangles
can be used to find the lengths of the line segsent

Figures A and B illustrate the given informatiom é&ach chord separately.

a. ChordsJK and RS are perpendicular to radi®T, so the Pythagorean theorem can be
used to find the lengths dPandRQ

IP=V20° - #= 384 8¢
RQ=+/20° - 10 = /3006 1q ¢
RadiusOT bisects the chords as well as being perpenditoitdrem, so

K =2(8/6)=16/6 anRs= p 16 = 20

b. The lengths of the sides of trian@d&Qhave the relationship, sv/3, 2s This means

they form a 30-60-90 triangle. Angl@RSis opposite the shorter leg; therefore,
mb ORS=30°.

3) Consider Circl® with a radius of cm.

a. If r =6 cm, how far outside the circle is poihif the two tangents frorR to circleO
form an angle with a measure of 60°?

b. In terms ofr, how far outside the circle is poiRtif the two tangents frorR to circleO
form an angle with a measure of 60°?

c. How far outside the circle is poiRtif the two tangents frorR to circleO form an angle
with a measure of 90°?
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Solution:
a. The figure below illustrates circl@ and pointP with the angles described in part a.

TrianglePSOis a 30-60-90 triangle. The length of the shorerik 6, so the length of

OP, the hypotenuse, i 6=12. The distance fror® to the circle is
PO 6 12 6 6

b. The figure below illustrates circl® and pointP with the angles described in part b.

TrianglePSOis a 30-60-90 triangle. The length of the shomerikr, so the length of
OP, the hypotenuse, is 2The distance fror® to the circle isPO- r= 2r- r= r.

c. The figure below illustrates circl®@ and point® with the angles described in part c.

TrianglePSOis a 45-45-90 triangle. The length of a leg,iso the length 0DP, the
hypotenuse, ig+/2. The distance fror® to the circle isPO- r= ry/2- 1= r(\/zl 1)
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EOCT Practice ltems

1) The center of circleO is located at(3, 4) on the coordinate plane. The radius of circl®©
is +/3 units. PointP is located at(7, 0).

What is the length of PT, the segment from pointP that is tangent to circleO at point
T?

A. 13 units
B. /19 units
C. /29 units
D. /35 units
[Key: C]

2) PointsA, B, C,and D are on circleP as shown.

What is the value ofx?

A. 7.5
B. 8
C.9
D. 12

[Key: C]
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3) Quadrilateral ABCD is a square in circleA.

If AE 3cm, what is the length of DF ?

A. 2
B. 3-3/2

[Key: D]

PROPERTIES OF CIRCLES:
ARC LENGTHS AND SECTOR AREAS

1. The length of an arc that corresponds to a ceatrgle with a measure ofdegrees in a

circle with a radius is — times the circumference of the circle; ie— 2 r _r.
360 360 180

2. The area of a sector that corresponds to a cenighé with a measure ofdegrees in a

circle with a radius is — times the area of the circle; i.e.— r?2.
360 360
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REVIEW EXAMPLES

1) TrianglePQRIis inscribed in circl®, as shown.

Find the lengths of the ard®3R, RQ and QF

Solution:

The measures of the arcs are twice the measuthe ofscribed angles that correspond with
each arc; i.e.mPR=2(70)= 140, mRQ= 2(60F 120, andnQR= 2(56) 1

The arc length oPR=£)(20 ) :E.
360

9
120 20

The arc length oORQ=—+-(20 ) =—.
g Q 360( ) :
100 50

The arc length oQP=—+-(20 ) =——.
gth o 360( ) 9

2) An equilateral triangle that has sides 10 cm I@nigscribed in a circle. What is the area of
the circle?

Solution:

The figure below illustrates the triangle and tirele. The center of the circle is located at
pointO.
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Since the sides of the triangle are all chordsrofeeO, pointO is on the perpendicular
bisectors of each of the sides of the triangle. ffila@gle is equilateral so the perpendicular
bisectors are also the angle bisectors.

Let pointM be the midpoint of sid®R TriangleMORis a 30-60-90 right triangle with a

long leg that measurels;ég =5 cm. RadiusOR is the hypotenuse of that triangle, so

5 10
OR=2 > ==,
J3 3
2
The area of circl® is r?= 10 :&:33}.
J3 3 3

3) IncircleO, PQ @PR

a. If mQR=120° and the radius of circl® is 20 cm, what is the area of sed@®R?
b. What is the area of quadrilate@PRC?

Solution:

a. The area of sect@ORis ;—28 (20y= ﬂ

3
b. To find the area of the quadrilateral, start byndnay chordQR with a midpoint at point

T. Note thatTO is the perpendicular bisector QR and that, sinceQ @PR pointP is
on TO as well.
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QT is an altitude of trianglPQO, so by findingQT we can find the area of triangle
PQO, which is half the area of quadrilate€@PRQ

TriangleQOT s a 30-60-90 triangle with a hypotenuse of 20 Q. is the longer leg of
that triangle, sdQT = 2—20\/5 =10/3.

The area of QOP:%( PO( QT) :—;(20)(1(1/_3)= 10Q/ 3 so the area of guadrilateral
QPRO=2(100/ 3)= 204/ 3

EOCT Practice ltems

1)

2)

A circular pizza with a diameter of 15 inches is cuinto 8 equal slices. What is the area
of one slice?

A. 5.9sq.in.
B. 22.1sqin.

C. 88.4 sq. in.
D. 120 sq. in.

[Key: B]

In this diagram, triangle OPQis equilateral, with vertex O at the center of a circle and
verticesP and Q on the circle.

The radius of circleO is 12 cm. What is the area, in square units, of ¢hshaded region?

A. 24 -18
B. 24 -36V3
C. 48 -18

D. 48 - 36V3

[Key: B]
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SURFACE AREA AND VOLUME OF SPHERES

1. The surface area of a sphere with a radilgsgiven bySA=4 . The volume of the

sphere is given by :g re.

2. Scale factors for linear dimensions, area, andnaelstate that if the ratio of the linear
dimensions of two figures ia: b, then

the ratio of the areas & : b?, and
the ratio of the volumes ig*: b’.

REVIEW EXAMPLES

1) A sphere has a diameter of 10 meters.
a. What is the circumference of a great circle ofspkere?
b. What is the surface area of the sphere?
c. What is the volume of the sphere?
d

. If the diameter is decreased by a factor of 10, kit affect the circumference,
surface area, and volume?

Solution:

a. The circumference is 10meters. Note that 10m is tdemeter, not the radius, of the
sphere.

b. The surface area 4 r> =4 (5)> =100 square meter

c. The volume isg re =g (5)° :% cubic meters

d. The circumference will be decreased by a factdiQyfthe surface area will be decreased
by a factor of 100, and the volume will be redubgd factor of 1000. [The resulting
values would be meters for the circumferencesquare meters for the surface area, and

6 cubic meters for the volume.]
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2) The figure below represents half a sphere.

Find the surface area and volume of the figure.

Solution:

Surface areaSA=4 =4~ ~ 4= 64 = 201.06cnt

Volume: V :g r :g " 4%= 85.33 = 268.08 cm

EOCT Practice Iltems

1)

2)

A map company makes a globe in the shape of ahgwe. The company plans to make a
new model globe with a diameter that is 20% largethan the diameter of the original
model.

By what percent will the surface area of the new natel globe increase compared to the
surface area of the original model?

A. 4%
B. 20%
C. 40%
D. 44%

[Key: D]
A sphere has a volume of 3®cubic centimeters. What is the surface area of thgphere?

A. 3.0p sqg. cm.
B. 9.5 sqg. cm.
C. 38.0p sq. cm.
D. 81.5% sq. cm.
[Key: C]
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Unit 4
Statistics: Data Analysis

This unit investigates analysis and comparisonaté dets using mean, standard deviation, and
sampling techniques to estimate the mean and sthddaiation of populations when the actual
mean and standard deviation are not known.

MM2D1.

apop

KEY STANDARD

Using sample data, students will make inforral inferences about population
means and standard deviations.

Pose a question and collect sample data from stt tea different populations.
Understand and calculate the means and standaiatides of sets of data.

Use means and standard deviations to compare elsta s

Compare the means and standard deviations of rasdoples with the
corresponding population parameters, includingehmspulation parameters for
normal distributions. Observe that the differemhple means vary from one sample
to the next. Observe that the distribution of thmple means has less variability than
the population distribution.

UNDERSTANDING AND CALCULATING
MEANS AND STANDARD DEVIATIONS

1. Themeanof a data set is the mathematical average ofdke @hich can be found by
adding the data values and dividing the sum bythraber of data values. The formula for

n

X

themeanwith n data points is——,where X; is thei™ data point.
n

The mean is one of several measures of centragét@ydhat can be used to describe a
data set. Its main limitation is that, because ydata point directly affects the result, it
can be affected greatly by outliers. For exampbesaer these two sets of quiz scores:

Student P:{8, 9, 9, 9, 10}
Student Q: {3, 9, 9, 9, 10}
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Both students consistently performed well on quizzes both have the sameedianand
modescore, 9. Student Q, however, has a mean quiz st8revhile Student P has a
mean quiz score of 9. Although many instructors picttee use of a mean as being fair
and representative of a student’s overall perfogean the context of test or quiz scores,
it can be misleading because it fails to desciileevariation in a student’s scores and the
effect of a single score on the mean can be digptiopately large, especially when the
number of scores is small.

2. Themean absolute deviatioof a data set is the mean (or average) of thelatieso
differences (ignoring the sign) between each dablaevand the mean value for the set of

N
x- X
data. The formula fomean absolute deviatioof a data set iéﬂT,where X is

thei™ data point andX is the mean value of the set of data. The abswhltee is used to
find the absolute difference, or the magnitudehefdifference without respect to whether
the difference is positive or negative.

This is a relatively simple way to describe the &@on in a data set that was used in
Mathematics [; it is simply the average value & thistance from the mean for each data
point.

For the two students in Key Id#4, the mean absolute deviations are as follows:

Student P: The mean score is 9. The mean absolute deviation i

10 :3) 0 1 ?52 0.4. The average distance between the individual ddteesa

and the mean value is 0.4. This is a relativelylsdeviation meaning there is not a lot
of variation in the data values.

Student Q: The mean score is 8. The mean absolute deviation i

%ﬁw: %0: 2.0. The average distance between the individual ddteesand

the mean value is 2, which is relatively larger tt@mean absolute deviation for
student P. There is more variation in the scorestiedent Q than student P.

3. Thevarianceof a data set is a measure to quantify the spyeddta within a set. The
N [r—
(Xi ) X)2 N
. i =\2 .
formula forvarianceof a data set ISJT or N (Xi - X) ,\where X; is the
i=1
i data point,X is the mean value of the data set, &nd the number of data points.

66
Copyright © 2009 by the Georgia Department of Etioces All Rights Reserved



Mathematics Il EOCT UNIT 4: STATISTICS: DATA ANALYSIS

4.

Thestandard deviatiorof a data set is the square root of the variarnee,

N
:\/% (Xi - )_()Z,Where X, is thei™ data point,X is the mean
i=1

value of the data set, ahdis the number of data points.

The standard deviation is more commonly used itis§itzs than the mean absolute
deviation. Originally the preference was due toubke of the absolute value function in
the formula for mean absolute deviation, which mealeulations of this statistic more
complicated than the calculation of the standardati®n. As technology has improved,
making the differences in computation of the twatistics less complicated, the habit of
using standard deviation as the preferred meadsgread has remained. Variance and
standard deviation are the most common ways taiteseariation in a data set.

Because the distance of each data point from tlensesquared, slightly more weight is
given to data points that are farther from the mtban with the mean absolute deviation.
However, in data that hasharmal distribution, the majority of data points are relatively
close to the mean.

For the two students in Key Ide# and#2, the variance and standard deviation are as
follows:

Student P: The variance is1 0 5(,) 0 1 32 0.4. The standard deviation is
Jo.4 063
Student Q: The variance i525 1 51 1 4 —23 6.6. The standard deviation is
J6.6 257

A normal distributionis a set of data that follows a symmetrical, lsbiyped curve. Most

of the data is relatively close to the mean. Asdiséance from the mean increases on both
sides of the mean, the number of data points deesed heempirical rule states that, for
data that is distributed normally,

approximately 68% of the data will be located witbne standard deviation on
either side of the mean;

approximately 95% of the data will be located withwo standard deviations on
either side of the mean; and

approximately 99.7% of the data will be locatedhimtthree standard deviations
on either side of the mean.
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Important Tip

The extent to which a data set is distributed ndlgncan be gauged by observing what

percent of the data falls within one, two, or thséendard deviations of the mean.

REVIEW EXAMPLES

1) Jesse is the manager of a guitar shop. He reconeéatlmber of guitars sold each week for a

period of 10 weeks. His data is shown in this table

Week

1

2

3

5

6

10

# Guitars 12

Sold

15

20

4
8

15

18

24

a. What is the mean of Jesse’s data?

What are the variance and the standard deviatidesde’s data?

If an outlier is defined as any value that is more than two stahdeviations from the

mean, which, if any, values in Jesse’s data woalddnsidered an outlier?

Solution:

a. The mean is

b. The variance is

C.

12 15 20 8 15 18 17 21 10 24 160

16 1 16 64 1 4 1 25 36 64 228

10

The standard deviation 1\%' 22.8 4.77

16.

22.8.

4.77 2= 9.54 so any value less thd- 9.54 6.4t or greater thad6+ 9.54= 25.5:
is an outlier. There are no such values in Jeskdtas
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2) Anne is the regional sales manager for a chairuttdgshops. She recorded the number of
guitars sold at two stores in her region each weekne year (52 weeks). These histograms
show the data Anne collected.

a. Estimate the mean and standard deviation for etacé.s
b. What is the range of possible means for each store?
c. Explain why the empirical rule is or is not a gdador each store.

Solution:

a. Anne’s data is presented in a histogram. A histmgshows the ranges into which data
points fall, but it does not show individual dataims. As a result, both the mean and
standard deviation can be estimated but cannoalcalated exactly.

Because the data in each set is symmetrical, thieelsémate for the mean is the value in
the center of the whole range, 0 to 35, which i$ IGr each data set.

One way to estimate the variance is to use the lmitlue in each range and the number
of data points in that range. For example, at Stdteere were 13 weeks in which the
number of guitars sold was between 10 and 15.r{bar, we won’t consider which bar of
the graph contains the boundary values 10 andTt& middle value of that range is

12.5. The distance of that value from the mean &8 the square of that value is 25. So,
to calculate the variance, use 13 x 25 for thosa paints.

Using this technique, the estimated variance forest is
1 225 4 100 13 25 17 O 12 25 3 100 2 225 15159 17

52

The estimated standard deviationig9.17  5.40
Using the same technique for Store 2, the estimategence is 107.75, and the estimated
standard deviation is 10.38.
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b. To consider the range of possible means, we nelkdaw what values are included in
each bar. Assume here that each bar includes thalboy value to the right; i.e., the bar
between 0 and 5 includes the value 5, and thedtarden 5 and 10 includes 10 but not 5.
In that case, the minimum possible mean would og@wery value in each bar was the
least possible value for that bar. For Store 1]¢hst possible mean would be
10 46 13 11 17 16 12 21 3 26 2 31

15.98.
52
The greatest possible mean would be
15 410 13 15 17 20 12 25 3 30 2 35
52
Notice that these values could fall slightly ouésttie 15 to 20 range.

20.38.

Using the same strategy, the range of possible snearstore 2 is 15.90 to 20.00.

c. The empirical rule is a good fit for the data faor® 1. The data is symmetrical and most
are relatively close to the mean, with a decreaaingunt of data as the distance from the
mean increases. Using the estimated mean and sfasheldation from part a, we would
expect 68% of the data to be in the ratges+ 5.4; i.e., 12.1to 22. and 95% of the

data to be in the randr.5+ 10.8; i.e., 6.7 to 28. Although we do not know the exact

values for each week, based on the histogranrdéaisonable to conclude that 68% of the
weeks (35) fall between 12 and 23 guitars sold36% of the weeks (49) fall between 7
and 28 guitars sold.

Because the shape of the data distribution foreStapproximates a normal distribution,
the standard deviation could have been estimated tise empirical rule. If the 35

weeks are within one standard deviation of thevested mean, 17.5, it would include the
17 weeks in the 15-20 bar and 18 weeks in the 18r#I520-25 bars. Those 18 weeks
would be split as 9 in each. Again, assuming a abdistribution, we would expect

more of the data points in each bar to be closdrdanean, i.e., closer to 17.5, so it is
reasonable to estimate that 9 of the data pointseiri0-15 bar would have values of 12
or greater and, likewise, that 9 of the data pamthe 20-25 bar would have values of
23 or less. This would make 12 one standard dewvidg¢iss than the mean and 23 one
standard deviation greater than the mean, so thmated standard deviation would be

[12- 17.% or] 23 17|5which is 5.5, very close to the standard deviatienestimated
in part a.

For Store 2, the empirical rule is not a goodAithough the data is symmetrical, it is not
clustered about the mean as it is for Store 1. fiipie of data distribution is often called
bimodal as there appears to be two modes, neither of whiclose to the value of the
mean or the median. Note that the exact medianooiercannot be determined from a
histogram, as again the exact values of each déta gre unknown.
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EOCT Practice ltems

1)

2)

This table shows the scores of the first six gametayed in a professional basketball
league.

Winning Score | 110 98 91 108 109 116
Losing Score 101 88 84 96 77 114

The winning margin for each game is the differencéetween the winning score and the
losing score. What is the standard deviation of thevinning margins for these data?

A. 3.8 points
B. 8.3 points
C. 9.5 points
D. 12.0 points
[Key: C]
This frequency table shows the heights for Mrs. Quin’s students.
Height (in inches) Frequency

42 1

43 2

44 4

45 5

46 4

47 2

48 1
What is the approximate standard deviation of theselata?
A. 1.0 inches
B. 1.5inches
C. 2.5inches
D. 3.5inches

[Key: B]
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SAMPLE MEANS AND DEVIATIONS

1. Samplesare typically used when it is impossible or impicad to collect data for an entire
population. To improve the accuracy of the estimagltiple samples can be drawn from
the population. The mean and standard deviati@nsaft of sample means can be used to
estimate the mean and standard deviation of a pppnlwhen those actual values are not

known. For a population with a mean o&nd a standard deviation gfthe sample means

will have a normal distribution with a mean ofnd a standard deviation §: wheren
n

represents the number of elements in each samgls epresents the population
standard deviation. This means that, as the sasiggancreases, the amount of variance
among the sample means decreases.

2. Because the population mean is estimated from #anrof a sample and the sample
mean is used to calculate the estimated variantestandard deviation for the population,
there is some additional variation introduced. ths reason, a better oorrected
estimate of the standard deviation of the poputafiiom which a sample is drawn is given
by using a denominator of- 1 to calculate the standard deviation, i.e., thenfda is

N
:\/Nl : (% - X)°. This statistic is often called tisample
a i=1

standard deviatiorbecause it is the standard deviation estimated &csample.

3. The mean and standard deviation of the sample nozambe used to estimate the mean

and standard deviation of the population. If themef the sample means ¥ and the
standard deviation of the sample meanSs the population mean can be estimated by

usingX and the standard deviation can be estimated Ing &/ n
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REVIEW EXAMPLE

Anne, the regional manager for the chain of gustarps in the previous review example,
took 10 random samples from her data about the ruwiiguitars sold at each of the two
shops per week during the last year. The sampleasiea each shop are as follows:

Shop 1:{21.25, 15.25, 25.0, 15.0, 14.0, 18.0, 12.25, 8922.0, 21.25}
Shop 2:{17.5, 18.25, 8.0, 22.25, 7.75, 18.25, 24.0, 2860, 16.25}

a. What was the sample size that Anne used?
b. What is the mean and corrected standard deviadioedch set of samples?

c. Use the sample mean and corrected standard deviatestimate the mean and standard
deviation for the entire year’s data.

Solution:

a. The sample means all come out to numbers thatre(ithve decimal parts of) .0, .5, .25,
or .75. The sample mean is found by dividing th@ s the sample data points, which is
an integer, by, the sample size. A divisor of 4 would give theid®l parts above, so
the sample size is 4. (Note: It is unlikely thataanple size of a multiple of 4 could also
yield these sets of sample means as long as thelesare chosen at random and the
data contains values that will form sums contairahdghe possible remainders when
divided byn.)

b. Using the formulas given in the previous section,

for the samples for Store 1, the mean is 18.325mdorrected standard
deviation is 4.11;

for the samples for Store 2, the mean is 17.673ladorrected standard
deviation is 6.46.

c. Based on the information above, an estimate fostaedard deviation of the weekly
number of guitars sold for the entire yeasis Jn. Becausa = 4, Vn = 2. Thus, for

Store 1, the estimated standard deviation is &2@& for Store 2, the estimated standard
deviation is 12.92.

Important Tip

While graphing calculator use is not allowed nocessary on the EOCT, instructors are
likely to use them for classroom experiences. Win@ng a calculator or computer
program to compute variance and standard deviatiimportant to know which
formula is being used. On calculators such as ti&iTthecorrected standard deviatign
or sample standard deviatiqis given as gand theuncorrected standard deviatigror
population standard deviatioris given as .
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EOCT Practice ltems

1) Karatook 10 random samples of the winning margingor each of two professional
basketball teams. The sample size was 4. The disitions of the sample means are
shown in these histograms.

Which is the best estimate of the standard deviatiofor both samples?

A. Team 1: 3.75 points; Team 2: 2.2 points
B. Team 1: 7.4 points; Team 2: 4.4 points
C. Team 1: 15 points; Team 2: 8.8 points
D. Team 1: 10 points; Team 2: 10 points

[Key: B]
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2) John took 10 random samples of the winning marginr each of two professional
basketball teams. The distributions of the sample eans are shown in these histograms.

Based on John’s data, which statement is MOST likgltrue?

A. Both the sample mean and the sample standard weveat greater for Team 1 than for
Team 2.
B. The sample means for both teams are equal, bstthele standard deviation for Team 1

is greater.
C. The sample means for both teams are equal, bsathele standard deviation for Team 2

is greater.
D. Both the sample mean and the sample standard aevae greater for Team 2 than for

Team 1.

[Key: B]
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3)

4)

Mary took 10 random samples of the winning margingor each of two professional
basketball teams. The samples were taken from alk8ames in one season. The
distributions of the sample means are shown in theshistograms.

Which question can be answered based on Mary’s dea

A. Which team had the greater number of all-star pk/e
B. Which team won more games?

C. Which team won by a more consistent margin?

D. Which team lost more games by a narrow margin?

[Key: C]

In a set of 10 random samples of winning scorésr games played in a professional
basketball league, the sample size is 6, the samptean is 97.5 points, and the sample
standard deviation is 5.2 points. Which expressiorepresents the estimated standard
deviation of all the winning scores?

5.2

J10
B. 5.2/10

52

J6

D. 5.2/6

A.

C.

[Key: D]
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Unit 5
Piecewise, Exponential, and Inverses

This unit investigates piecewise functions andrthpplications in a real-world context. Students
study exponential functions and how they applyusibess and science, as well as identify
critical points and their interpretations. Theywsosimple equations by changing bases. The unit
also explores inverses of functions and uses coitnpasto verify that functions are inverses of
each other.

KEY STANDARDS

MM2A1. Students will investigate step and piecewiskinctions, including greatest integer

and absolute value functions.

a. Write absolute value functions as piecewise fumaio

b. Investigate and explain characteristics of a vamétpiecewise functions including
domain, range, vertex, axis of symmetry, zerogragpts, extrema, points of
discontinuity, intervals over which the functioncisnstant, intervals of increase and
decrease, and rates of change.

c. Solve absolute value equations and inequalitiel/acelly, graphically, and by using
appropriate technology.

MM2A2. Students will explore exponential functions.
a. Extend properties of exponents to include all integkponents.
b. Investigate and explain characteristics of expdaeéfinctions, including domain and
range, asymptotes, zeros, intercepts, intervalscoéase and decrease, rates of
change, and end behavior.

Graph functions as transformationsf¢k) a*.

d. Solve simple exponential equations and inequaléresdytically, graphically, and by
using appropriate technology.

e. Understand and use basic exponential functionsoakel® of real phenomena.

Understand and recognize geometric sequences asexml functions with

domains that are whole numbers.

g. Interpret the constant ratio in a geometric seqe@scthe base of the associated
exponential function.

o

-

MM2AS5. Students will explore inverses of functions.
a. Discuss the characteristics of functions and timeerses, including one-to-oneness,
domain, and range.
b. Determine inverses of linear, quadratic, and pdwections and functions of the
form f(x) xa including the use of restricted domains.

c. Explore the graphs of functions and their inverses.
d. Use composition to verify that functions are inesrsef each other.
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PIECEWISE FUNCTIONS

1 Piecewise functionsre functions that can be represented by moredharequation, with
each equation corresponding to a different path@fdomain. Piecewise functions do not
always have to be line segments. The “pieces” cbaldieces of any type of graph. This
type of function is often used to represent refalfiroblems.

Example:
X 1 ix 1
f(x) 2, ifl x

(x 3% 2, ifx 3

To graph this piecewise function, graph the functigdx) x 1 for all values ok less
than 1 or on the intervdl! ,1); graph the functiori (x) 2 for all values ok from 1 to
3, including 1 and 3, or on the interval (1, 3)damaph the functiorf (x) (x 3)* 2
for all values ofx greater than 3 or on the internv@,! ).

This is the graph of the piecewise function inéxample.

Notice that in this case the graph of the piecewWisetion is one continuous set of points
because the individual graphs of each of the threees of the function connect. This is
not true of all cases. The graph of a piecewisetfan may have a break or a gap where
the pieces do not meet.
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2. A step functionis an example of a piecewise function.

Example:
1, if0 x 2
2, if2 4
(%) he X
3, if4 x 6
4, if6 x 8

This is a graph of the step function in the example

3. Two patrticular kinds of step functions are calteiling functions (f(x) x) andfloor

functions (f(xX)  x). In a ceiling function, all nonintegers are roundgdo the nearest

integer. An example of a ceiling function is whepheone service company charges by the
number of minutes used and always rounds up taeheest integer of minutes. In a floor
function, all nonintegers are rounded down to tbarest integer. The way we usually
count our age is an example of a floor functiortsiwe round our age down to the
nearest year and do not add a year to our agewmtilave passed our birthday. Tloer
function is the same thing as tlgeeatest integer functiorwhich can be written as

f(x) "orf(x) x.

4.  Anabsolute value functioris a special case of a piecewise function. Thplyod an
absolute value function makes a V-shape. Vdrgexof the graph is the point at the
bottom of the V if the graph opens up, or the pairthe top of the V if the graph opens
down. Theaxis of symmetryof an absolute value function is the vertical lihat passes

through its vertex. For an absolute value funciiothe formf (x) a| X ﬁ k the
vertex is f, k) and the line of symmetry is= h.
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Example:

We usually write an absolute value functionf és) |>4 but since absolute value is a
measure of distance and distance is always positigso can be written as follows:

X, ifx$0

|X| x; ifx O

This is the graph of (X) |X.

5. If the graph of the absolute value function fromyKeéea#4 is shifted to the right 3 and
up 2, it can be represented by the funcfigr) [x 3 2.

This is the graph of the absolute value funcfi¢gr) [x 3 2.

6. Remember that th#omain of a function is the set of input numbers, andrémgeis the
set of output numbers. In a piecewise function,iipeit number determines which
eqguation to use to find the output number.
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1. A function may have enaximum (highest point) and/or @inimum (lowest point) or
neither. In an absolute value function, the verseat the maximum if the V opens down
and at the minimum if the V opens up.

8. A point of discontinuityis a point where there is a break or a gap irgthgh. A graph is
said to be discontinuous when there is a breakgapain it.

Example:

This is a graph of a piecewise function that i® @sliscontinuous function. It is
discontinuous at = 2.

The open dot means that the point (2, 4) does &lonly to the graph of the first piece.
The closed dot means that the point (2, 2) beltmd@ise graph of the second piece. Notice
that the function still passes the vertical lingt.t& he vertical linex = 2 only passes

through one point, (2, 2).

Example:

This is another graph of a piecewise function ihaiso a discontinuous function. It is
discontinuous at = 0. In this case, the functionusdefinedatx = 0.
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10.

An interval for which a function isonstantis the interval where the graph does not rise
or fall. An interval for which a functiomcreasess one where the function rises, while an
interval for which a functiomlecreasess one where the function falls. In other words,
when the domain or thevalues of a function increases and the rangevalues

increase, a function is said to increase. Whemltimeain increases and the range
decreases, a function is said to decrease.

Example:

This is a graph of a piecewise function that insesaon the interval 1, decreases on
the intervak $ 4, and is constant on the intendal x 4.

One way to solve aabsolute value equatiors to rewrite it as two linear equations and
solve each equation. If the absolute value equagicomplex, the first step is to isolate
the expression containing the absolute value sysnBdivays check each solution to be
sure it works in the original equation.

Example:

In this case, the absolute value of the expres3ion4 is given as 11. That means the
value of 3x 4 must have a distance from zero of 11 units, wharhbe in a positive or
negative direction. When we rewrite it as two linequations, we set the expression equal
to 11 and then set it equal4al. It is written as a disjunction using the woad.”

3x 4 11
33X 4 11 or 8 4 ]
3x 15 or 3 b
X 5 or X Z
3
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11.

12.

Another way to solve an absolute value equatida graph it on a coordinate grid.

Example:

To solve|x 4 3by graphing, first rewrite it ag (x) |x 4. Graph the function. The
solution would be th&values when thg-values are 3.

By looking at the graph, you can see that the smiator thex-values when thg-values
are 3would b&=1orx=7.

One way to solve aabsolute value inequalityn the formax H corfax H cisto
rewrite it as a compound inequality.

Example:

In this case, the absolute value of the expresgon 5 is given as being less than 13.
This means that the value 8k 5 must have a distance from zero of less than 13,uni
which can be in a positive direction or a negatlirection. Therefore we write it as a
conjunction and solve it.
2x § 13

13 2 5 1:

18 2x 8

9 x 4

The solution can be any real number betwe&and positive 4. This is the graph of the
absolute value inequality on a number line.
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13.

14.

Another way to solve an absolute value inequatitthie formjax B corlax 4 cis
to graph it on a coordinate grid.

Example:

Tosolve|x 3 4 by graphing, first rewrite it ag (x) |x 3. Graph the function. The
solution would be all of the-values when thg-values are less than 4.

A dotted line is drawn across the graply at4. All of thex-values on the graph that are
below or less than the dotted line are solutiom® Jolution is the set of all real numbers
greater than7 and less than 4, or7 x 1.

One way to solve aabsolute value inequalityn the formjax 4 corlax I$ ¢
rewrite it as a disjunction and solve each pathefdisjunction.

Example:

In this case, the absolute value of the expres&ion 5 is given as being greater than 13.
This means that the value 8k 5 must have a distance from zero of more than 13

unites, which can be in a positive direction oregative direction. There we write it as a
disjunction and solve it as shown.

2x § 13
2x 5 13 or x 5 1

2X 18 or X 8
X 9 or X 4

This is the graph of the absolute value inequalitya number line.
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15.  Another way to solve an inequality in the fofax H cor|ax I$ cisto graphiton
a coordinate grid.

Example:

Tosolve|x 1 2 by graphing, first rewrite it ag(x) |x 1. Graph the function. The
solution would be all of the-values when thg-values are greater than 2.

A dotted line is drawn across the graply at2. All of thex-values on the graph that are
above or greater than the dotted line are solutidhs solution is the set of all real
numbers greater than 1 or less th@nor the solution can be written &s 1 or x 3

REVIEW EXAMPLES

1) A coordinate grid represents a rectangular podétabball is on a pool table at the point
(2, 3). The ball is rolled so that it hits the safe¢he pool table at the point (9, 10). Then it
rolls toward the other side, as shown in this diagr

a. Write a piecewise function that can represent tta pf the ball.
b. If the ball continues to roll, at what point witlhit the other side of the pool table?
c. What do thex-value and thg-value represent?
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Solution:

a. To find a function that can represent the patthefliall, notice that the path of the ball
forms a V. That means it can be represented bysolate value function. Identify the
vertex as point (9, 10). The slope (rise over iar), and since the V opens dovamr
the slope of the function isl. Substitute this information into the absolutkiegunction

formulaf(x) a/x H k Thefunctionisf(x) |x 9 10.

This can be written as a piecewise function soithrapresents only the part of the path
shown in the diagram that the ball actually tragele

x 1 if2 x 9

f(x) :
x 19, if 9 x 15
To write the piecewise function fror(x) |x 9| 10, follow these steps:
Ifx % O, kK 9 O,
then|x 9 x 9 thepx |9 x( 9)
sof (x) x 9 10 sd X ) (X 9) 1
fx) x 9 10 fX) (x 9 10
fx) x 19 fx)x 9 10
fx) x 1

The interval is determined by looking at the gréphthe actual path of the ball.

Forf(x) x 1, theintervalis2 x 9,and for f(x) x 19, the interval is
9 x 15.

b. The ball will hit the other side at (19, 0).

c. Thex-value represents the distance to the right ofitagram of the pool table, and the
y-value represents the distance up from the bottiotimeodiagram of the pool table.

2) A computer repair person charges $80 per houafmorl She charges her labor in increments
of 15 minutes. For example, if she works for 39 u@s, she rounds up to 45 minutes and
charges $60.

a. Write a function to represent the amount the repaison charges up to and including 90
minutes of labor.

b. Graph the function from part a. Letepresent the number of minutes of labor charged.
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Solution:
20, if 0 x 15
40, if 15 x 3C
60, if 30 Ar
(%) ! X

a. 80, if 45 x 6C
100, if 60 x 75
120, if 75 x 9(

b.

EOCT Practice Iltems

1) Which function is equivalenttof (x) 2/x 2 17

2x 5, |if 2
A (X x 5 %

2x 3, if x 2

2x 5, if 1
B. f(x) X s

2x 3, ifx 1

2x 5, i 2
c. (% X |f$x

2x 3, ifx 2

2x 5, If 1
D. f(x) X 9

2x 3, ifx 1

[Key: A]
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2) What is the function that results from multiplying f (x) |x| by 1 and shifting it
2 units to the right?

2, f 2
A f) "X
x 2, ifx 2
2, |if 0
B. f(x) "X
x 2, ifx O
X 2, ifx 2
C. f(x .
x 2, ifx 2
2, |if 0
D. fg o "X
x 2, ifx O
[Key: C]
3) This graph shows the two parts of a piecewise furnion.
For what value ofx is the function NOT defined?
A -1
B. 0
C. 1
D. 2
[Key: C]
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EXPONENTIAL FUNCTIONS

1. There are five basigroperties of exponents

n m

a. a"a" a

Example:
222 2° 2 25¢

b. (an)m a"m

Example:
()P F P T12€

c. a 1

Example:
5 1

Example:
1 1

3 =
F 9

Example:
l 2 2

= T
4 1
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Example:

3
2_5 23 5 2 2 _12 _1
2 2 4

2. The properties of exponents can be used to soper@ntial equations. The first step is to
rewrite the equation so that the bases on botls siithe equation are the same. If the
bases on both sides are the same, then the expanast be equal.

Example:

25?2 125"

&y * ()"

52(x 2 g3(#X)

52x 4 512x

Now that the bases are the same, the exponentsjaat

2X 4 12
10x 4

2
X J—
5

3.  An exponential functionwith a basé is writtenf (x) b*, whereb is a positive number
other than 1.

4.  Anexponential growth functiorcan be written in the forri(x) ab*, wherea > 0 and

b > 1. Anexponential decay functioran be written in the forrh(x) ab®, wherea> 0
and 0 <b < 1.

Example:

The function f (x) 2* is anexponential growth function This is a table of values for
the function.

X f(x)
1
-3 5
1
-2 4
1
-1 5
0 1
1 2
2 4
3 8
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This is the graph of the function.

Notice theend behaviorof the graph. As the value wincreases, the graph moves up to
the right, and the value gfincreases without bound. As the valuealecreases, the
graph moves down to the left and approaches-tieas ory = 0, which is called an

asymptote

Thedomainfor this function is all real numbers. Thengeisy > 0.

Example:

X

The functionf(x) 2 % is anexponential decay functionThis is a table of values for

the function.

X f(x)

|_\
H
AR (NP |RN[ D0 o
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This is the graph of the function.

Notice the end behavior of the graph. As the valueincreases, the graph moves down
to the right and approaches thaxis or the asymptote= 0. As the value of decreases,
the graph moves up to the left. As the valug géts very small, the value pincreases
without bound.

The domain for this function is all real numberkeTange iy > 0.

5. One, two, three, or all four of the transformatishewn below can be applied to an
exponential function.

a. The graph off X ) b* rewritten in the formf X ) ab* " Kk istranslated
horizontally to the righth units ifh > 0 or to the lefth units ifh < 0.

b. The graph off X ) b* rewritten in the formf X ) ab*" k istranslated
vertically up k units ifk > 0 or dowrk units ifk < 0.

c. The graph off X ) b* rewritten in the formf X ) ab* " ks vertically
stretchedif a 1. The graph iwertically shrunkif 0 a 1.

d. The graph off X ) b* isreflected across the x-axi$ b* is multiplied by- 1. The
graph of f &) b* isreflected across the y-axithe exponenkin b* is multiplied
by - 1.
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Example:

The graph off (x) 2* rewritten in the formf (x) 3(2*') 6 is translated horizontally
to the right 1 unit, translated vertically up 6tsnand vertically stretched by a factor of 3.

Example:
This coordinate grid shows the graphd @) 2* andf () 2

Remember that 2* is the same thing as(2*).

Example:
This coordinate grid shows the graphd ¢f) 3 andf k) 3~

X

Remember thaB * can be rewritten as% using the rule of exponents.

The functionf(x) 3" is a growth function and (x) 3 * is a decay function.
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10.

11.

The graph of an exponential function written in then f (x) ab® passes through the
point (0,a) and approaches tixeaxis as an asymptote. To graph an exponentiatitmc
inthe formf(x) ab‘" k first sketch the graph df x( ) ab* and then translate the
graph horizontally by units and vertically by units.

A geometric sequencean be written as an exponential function witltomdin that

consists of positive integers. In a geometric sageagthe ratio of any term to its
preceding term is constant. Tbenstant ratiois called thecommon ratioand is the base

of the associated exponential function. Tileterm of a geometric sequence with the first

term a and with a common ratiois f(n) ar" ™.

Example:

A geometric sequence is given as (2, 6, 18, 59, This sequence starts with the number
2. To get the next term in the sequence you alwaysply by 3. This is the common

ratio. The sequence is represented by the functign 2(3)" *.

The first three terms of the sequence are founaukie function, as shown below.

First term:

f(n) 23"

fa 2@" 2@ 20 -
Second term:

f(n) 23"

f(2) 2B3F*' 23} 2(3) ¢
Third term:

f(n) 23"

f(3) 2(8F' 2@B@f 2(9) 1¢

n

Thenatural baseeis an irrational number. It is definedlam 1 = . Asnincreases,
n! n

n

the value of the expressioh 1 approaches, ande 2.71828182845! The natural
n

baseeis used in the formulad P€' to calculate continuously compounded interest.

94
Copyright © 2009 by the Georgia Department of Etioces All Rights Reserved



Mathematics Il EOCT UNIT 5: PIECEWISE, EXPONENTIAL, AND INVERSES

REVIEW EXAMPLES

1) A city’s population is 12,800. It is predicted thihe population will increase by 3% each
year.

a. Write a function that can be used to find the sifybpulation aften years.

b. If the city’s populationp, continues to grow 3% per year, what will the apxmate
population be in 15 years?

Solution:
a. p(n) 12,800 (1.03)

b. p(r) 12,800 (1.03)
p(l5) 12,800 (1.03§
p 12,800 1.55796741
p 19,94:

2) Deb bought a new boat for $20,000. She estimataghb value of the boat will decrease by
12% each year.
a. Write an exponential decay function that represtdrgssalue of the boat afteyears.

Graph the exponential decay function from part a.

What is the domain of the function?

What is the range of the function?

What is the asymptote of the graph?

After how many years will the boat have a valualodut $4,900?

~®oo00C

Solution:

a. f(x) 20,0001 0.12
b.
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all real numbers greater than or equal to O
all values ofy sothat0 y 20,00(

The asymptote is theaxis.

=~ o o o

11 years

EOCT Practice Iltems

1) The function f(x) has these properties.

As x increasesf(x) approaches 3.
As x decreasest(x) increases.
The domain off(x) is all real numbers.

Which of the following could be the function?

A f(x) 2¥°
1x3
B. f(X =
(X) >

C. f(x) 2¢ 3

D. f(x) % 3

[Key: D]
x 1
2) Which graph representsf (x) % 3?
A. B
C. D
[Key: A]
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COMPOSITION AND INVERSE FUNCTIONS

1 Thecomposition of functiongs a method of combining functioriBhe composition of
functionsf(x) andg(x) is written ¢ @) (X) and is defined byf( g) (xX) =f [g(X)].

Example:
Let f(x) x andg(x) 2x 3.Find{ g) (X).

f @ () =f[g(]

Substitute { + 3 forg(x) F(2x+3)

It was given that f(x) X

So it follows that f(2x 3) (2x 3f
That simplifies to 4x* 12x 9
So f QX 4x° 12x 9
Example:

Let f(x) » andg(X) 2x 3.Find@ f) X).

g () 9 =g [f(¥)]

Substitutex? for f g (x%)
It was given that g(x) 2x 3
So it follows that g(x*) 2(X) 3
That simplifies to 2x* 3
So g(Hx 2¢ 3

Notice that although the two examples are compwstdf the same two functions, the
order in which they are listed makes a differemcthe outcome.

2. An inverse functionreverses the process of the original functionuéction maps the
input values onto the output values. An inversefiom maps the output values onto the
original input values. Switching thevalues and thg-values in an input-output table
produces an inverse function. The same thing ssifrthex and they variables are
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switched in an equation. The inverse of a funcisodenoted byf ' and is readf
inverse.”

3. The input (domain) and output (range) values ofualttions have ane-to-one
relationship. For each input, there is exactly oagput. If a function has an inverse that is
also a function, then the input and output valdeb® inverse function must also have a
one-to-one relationship. Therefore, a function tres an inverse that is a function is
called aone-to-one function

Tables of some values of the functidifx) X and its inverse are shown below. Notice
that both tables show a one-to-one relationshifs ®he-to-one relationship is true for all
values of bothx andf(x) for both the original function and its inverséaefefore, the
function f(x) X is a one-to-one function.

Example:

4. A function may or may not have an inverse functiéau can use thkorizontal line test
on the graph of a function to determine if it hasraverse function. If there is no
horizontal line that intersects the graph at mbesmtone point, then it will have an inverse
function. If the inverse maps arvalue with more than ongvalue, then it is not an
inverse function. It can, however, be an inversatian.
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Example:
This is a graph of the functidi(x) x°.

The functionf (x)  X° is not a one-to-one function. There is at least lorizontal line

that intersects the graph at more than one pairdgtHer words, at least one y-value is
paired with two differenk-values, as in the case where a horizontal linegsathrough
(-1,1)and (1, 1).

The graph of the inverse of the relatibfx) X is clearly not a function since it does not

pass the vertical line test of functions, as showtihe graph below. In other words, at
lease one-value is paired with two differengtvalues, as in the case where a vertical line
passes through (4, 2) and {2).

5. A function that is not a one-to-one function whendomain is the set of all real numbers
may become a one-to-one function if the domaimssricted appropriately. For example,

the functionf(x) x* as shown in Key Ide#4 is not a one-to-one function. However, if

the domain is restricted to only positive real nenshit is a one-to-one function, as shown
on the next page.
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Important Tip

Notice that the graph of the inverse of the funtimthe same as the reflection of the
function across the ling=x.

6.  Alllinear functionsexcepthorizontal lines are one-to-one functions.

7.  Another way to verify that two functions are invesof each other is by using
composition. The composition of the two functiongsingive thadentity function which
is f(x) x
Example:

Show that the two function$(x) 2x 3 andg(x) X—23 are inverses of each other.

Find f[g (X)]. or Findg[ f( X)].
{ECINEESE daf(9] d2x 3)
2x 3 3
X 3 2
2X
3 3 2
X

Since f[g(X] d f( ¥ x thenthe composition of the functions gives thenidy
function and the functions are inverses of eackrotfiou only need to find one
composition to verify that the functions are inex®f each other. However, it can be a
good idea to find both compositions as a way offyieg that your work is correct.
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8. The inverse of a function in the form(x) a ory 2 Is the same function. The graph
X X

of f(x) 2 is shown below.
X

If this graph is reflected across the line x, the result is the same graph.

This is the table for the functidin(x) Z
X

X f(x)

21

- 4 2

.2

- 3 3

-2 -1

-1 -2
0 | undefined

1 2

2 1

2

3 3

1

4 2

If you swap thex values for the values in the table and graph them, it is the sgragh.
Notice that the domain for the function is the&edll real numbers except 0. The
function is undefined at= 0.
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REVIEW EXAMPLES

1) A table of values for the functid{x) is shown below.

f(x)

-7
0
1
2
9
28

I =1 ke

a. What is the table of values for the inverse offthection?
b. Isf(x) a one-to-one function? Explain your reasoning.

Solution:
a.
X f(X)
-7 -2
0 -1
1 0
2 1
9 2
28 3

b. Itis a one-to-one function because the table ®finkrerse of the function also represents
a function. For each input number there is examtly output number.

2) Verify that f(x) %xz % 0,andg(x) J4x are inverse functions.

Solution:
Find f(g(x)).
f(g(®) f ax
N

&«

X Nl b

Since the composition equaisthen the functions are inverses.
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EOCT Practice ltems

1) Use this function to answer the question.

2)

f(x) % 3

What value is NOT included in the domain of the inerse of this function?

OOw
W N RO

Use these functions to answer the question.

f(x) 4x 2
X 2

9(x) 2

f(a(x)) x

Which statement about the functiond(x) and g(x) is true?

A. They are inverse functions becafigg(x)) is not equal to O.

B. They are inverse functions becadigg(x)) is equal tox.

C. They are not inverse functions becafiggXx)) is not equal to 0.
D. They are not inverse functions becatiggx)) is equal tox.

[Key: D]

[Key: B]
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Unit 6
Statistics: Algebraic Models for Quantitative Data

This unit investigates linear and quadratic regogssStudents look at bivariate data to determine
which type of curve best fits the data, includihg extent to which a given line or curve is or is
not a good fit for the data. Students use methods as the median-median line and estimation
to determine the equation of an appropriate lineuove to fit a given set of data, and use the
equation to make predictions and analyze a realdwelationship.

Note: For the purposes of the Georgia End-of-Course, Ttastnot possible to presume that all
students will have access to technology that waitilg the processes of linear and quadratic
regression for curve fitting. As a result, detenmgthe line or curve of best fit will not be
directly assessed on the Georgia End-of-Course Tretead, the test will focus on assessing
whether a given line or function is an appropriatdel for a set of data.

KEY STANDARD

MM2D2. Students will determine an algebraic modela quantify the association between

two quantitative variables.

a. Gather and plot data that can be modeled with diaed quadratic functions.

b. Examine the issues of curve fitting by finding gdimear fits to data using simple
methods such as the median-median line and “eyedall

c. Understand and apply the processes of linear aadrgtic regression for curve
fitting using appropriate technology.

d. Investigate issues that arise when using dataptmexthe relationship between two
variables, including confusion between correlaton causation.

DETERMINING AN APPROPRIATE ALGEBRAIC MODEL

1. Bivariate dataare data that involve two variables that may leted to each other. The
data can be presented as ordered pairs and inanyhat ordered pairs can be presented:
as a set of ordered pairs, as a table of valuess argraph on the coordinate plane.

2. Bivariate data may have an underlying relationshgt can be modeled by a mathematical
function. For the purposes of this unit, we wilheader models that are eitHarear or
guadraticfunctions.
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Example:

Evan is researching if there is a relationship leetwstudy time and mean test scores. He
recorded the mean study time per test and the testéiscore for students in four different
courses. This is the data for Course 1.

Notice that, for these data, as the mean studyiticreases, the mean test score increases.
It is important to consider thate of increasevhen deciding which algebraic model to

use. In this case, the mean test score increasggdrgximately 5 points for each 0.5-hour
increase in mean study time. When the rate of asmes close to constant as it is here, the
best model is most likely a linear function.

This table shows Evan’s data for Course 2.

In these data as well, the mean test score in@easthe mean study time increases.
However, the rate of increase is not constant.difierences between each successive
mean test score are 1, 2, 5, 6, 8, and 11.s€hbend differenceare 1, 3, 1, 2, and 3. Since
the second differences are fairly close to congstaist likely that a quadratic function
would be a good model for the data for Course 2.
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This table shows Evan’s data for Course 3.

In these data, the mean test score increases asetiestudy time increases, but after a
maximum point is reached the mean test score appeaecrease. The rate of increase
decreases as it approaches the maximum, thentladtenaximum is met, the rate of
decrease increases. This is the characteristioslwetat a quadratic function that has a
maximum, so it is likely that a quadratic functiould be a good model for the data for
Course 3 as well. However, since the function apgoeahave a maximum, the value of
the coefficient of¢ would be negative rather than positive as it waaddor Course 2.

This table shows Evan’s data for Course 4.

In these data, as the mean study time increassg, no consistent pattern in the mean
test score. As a result, there does not appear &my clear relationship between mean
study time and mean test score for this partiotdarse.

106
Copyright © 2009 by the Georgia Department of Etioces All Rights Reserved



Mathematics Il EOCT UNIT 6: STATISTICS: ALGEBRAIC MODELS FOR QUANTITATIVE DATA

Often, patterns in bivariate data are more easié&nsvhen the data is plotted on a
coordinate grid.

Example:
This graph shows Evan'’s data for Course 1.

In this graph, the data points are all very clasbding on the same line. This is further
confirmation that a linear model is appropriatetfos course.

This graph shows Evan'’s data for Course 2.

In this graph, the data points appear to lie oarae; rather than on a line, with a rate of
increase that increases as the valuein€reases. It appears that a quadratic or
exponential model may be more appropriate thaneatimodel for these data.
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This graph shows Evan'’s data for Course 3.

In this graph, the data points appear to lie oarae; rather than on a line, as well.
However, in this case, the curve appears to hamexamum somewhere aroumd: 2.5
hours. As a result, as quadratic model appears todood fit for this set of data.

LINEAR MODELS

1. The extent to which a linear model does or doedinatset of data is known as
correlation. The amount of correlation is found by determiniing distance of the data
points from thdine of best fit which is the line that minimizes that distancerr€lation
is usually expressed as a value between 1 anditHl1wepresenting perfect correlation,
0 representing no correlation, and —1 represemiantectly negative correlation. In the
context of the data relating study time and quaxdegs, the correlation would be negative
if the mean test score decreased as study timeaged.

2. Themedian-median linds a way to estimate a line of best fit that ived relatively
simple calculations. Since it involves using medjahis also somewhat resistant to the
effect of outliers in the data. To calculate a medmnedian line, order the data from the
least to the greatest value of theoordinate. Order data points that have the sahev
of x from the least to the greatest value ofyfmordinateNext, use this ordering to
divide the data into three equal groups. Find tleelianx-coordinate value for each of the
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three groups (low values, middle values, high v&lu€hen find thg-value associated
with each of these data points. Find the equatidheoline containing the two outside
points (the points from the lowand the high«value sets). Then adjust the position of the

line by moving it% of the way toward the middle point.

Example:

This graph shows Evan'’s data for Course 1 withitieeof best fit added. The equation of
the lineisy 10x 60

Notice that four of the seven data points are enitte. This represents a very strong
correlation. Since the slope of the line is positithe correlation is positive.
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This graph shows Evan'’s data for Course 4 withitieeof best fit added. The equation of
thelineisy 0.4x 81.3

Although a line of best fit can be calculated fustset of data, notice that most of the data
points are not very close to the line. In this casdough there is some correlation
between study time and test scores, the amourdrcélation is very small.

REVIEW EXAMPLE

1) Tina collected the height in inches and the shoe ai a random sample of nine boys in her
class. Her data is shown in this list.

(62, 6.5) (64, 7) (64, 8) (65, 8) (67, 8.5) (68)169, 9.5) (69, 11.5) (73, 11)}

In each ordered pair, thecoordinate is the height in inches and ykeordinate is the shoe
size.

Find the equation of the median-median line foraisrdata.

Solution:

Tina’s data is already in order from the leasti® greatest-value. The lowest set af

values is {62, 64, 64}. The middle set is {65, 68}. The highest set is {69, 69, 73}. The
median values of for these sets are 64, 67, and 69. For the logetsthere are two data
points that contain the value 64. The median pei(®4, 7) because it is the middle point in
the order. Similarly, the median point in the higihget is (69, 11.5). Note that th&alue is
notthe median value of for that set of three points; it is thievalue of the middle point.
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Next, find the value of the line that contains pleents (64, 7) and (69, 11.5).
The slope |sw :4—'5 :—9 =0.9. They-interceptb, is
(69- 64 5 10
7=0.9(64+b
7=57.6+b
-50.6= b

The equation of the line containing the median {3oaf the lowest and highest sets is
y =0.9x- 50.6 To adjust toward the median point of the middle gkig thex-value of that

point into the equation we just found.
y=0.9(67)- 50.¢
y =60.3- 50.6
y=9.7

So the expected value pfrom that equation is 9.7. Tlyevalue of the median point is 8.5.

This is 1.2 less than the expected valug. @ne-third of that distance is 0.4, so subtraét O.

from they-intercept in the equation above to find the equmatf the median-median line.
y=0.9x- (50.6 0.}

y =0.9x- 50.2
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QUADRATIC MODELS

Data such as that which Evan collected for Courar2Course 3 can be modeled by a
guadratic function. As with data that can be maodiélg a linear function, the idea is to
choose a function that will minimize the distanfresn each data point to the graph of the
function.

Important Tip

Even when a quadratic function appears to be a gumtkl for a particular set of data, it

is important to consider the context when makiregmations based on that model. For
example, in the context of study time vs. testaespa quadratic function may not be an
appropriate model for values outside the ones @nEvdata. According to the model for
the Course 2 data, as mean study time increasest@y5 hours, mean test scores should
continue to increase at an increasing rate. How@vanost cases there is a maximum
possible test score.

Example:

This graph shows Evan'’s data for Course 2 withgiedratic regression curve added. The
equation of the curve iy 3.9 4.8x 66.€

Notice that all seven data points are very clodeeiag on the curve, so this function is a
very good model for these data. However, it mayl®oappropriate to use this model to
predict the mean test score associated with a steidy time of six hours. Substituting a
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value ofx = 6 into this model gives this predicted test scor
y 396° 486 666 1404 288 66.6 17

If the maximum possible test score is 100, this ehagiclearly inappropriate forvalues
greater than 3.5.

This graph shows Evan’s data for Course 3 withgiiedratic regression curve added. The
equation of the curve iy 4.95¢ 25.X% 53.€ Notice that the negative coefficient

of thex? term indicates that this is a quadratic functidthwa graph that opens down,
which means that it has a maximum value.

Notice again that all seven data points are vaygecto being on the curve, so this
function is a very good model for these data. Ageprevious model, it may not be
appropriate to use this model to predict the meandcore associated with a mean study
time of six hours. Substituting a valuexot 6 into this model gives this predicted test

scorely  4.95 6° 2526 536 178.2 151.2 53.6 2

In this case, while a mean test score of abous possible, it seems unlikely that students
who studied for that long would have such low sesires.

Important Tip

When deciding whether or not a quadratic functean appropriate model for a data set,
you can make a table of values to showytivalues that the function predicts for the
values ofx in the data set and compare thgsalues to the actual values from the data.
This is also a good way to decide whether or netjiadratic model is appropriate for
values outside the domain of the given data.
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EOCT Practice ltems

1) For which graph of a set of data is a linear functin the best model?

[Key: D]
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2) This graph plots the number of wins in the 2006 an@007 seasons for a sample of
professional football teams.

What is the equation of the median-median line fothese data?

A. y=2x-8
B. y=2x-9.67

8
C. y==x-19
Y 3

8
D. y==x-19.2
y 3

[Key: B]
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3) This graph plots the number of wins in the 2006 an@007 seasons for a sample of
professional football teams.

The linear regression model for these data iy 1.10x 2.29 Based on this model,
what is the predicted number of 2007 wins for a tea that won 5 games in 20067

A. 3.2
B. 45
C. 55
D. 6.6

[Key: A]
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4) This graph shows the expected income from sales ygice per issue for a new
magazine.

Which equation models these data?

51¢ 34.4x 3.
51¢ 34.4x 3.

34.4¢ 5.Ix 3.
34.4¢ 51 3.

OO w»
< < < <

[Key: A]
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5) This graph shows the price of a new audio-visual cgponent over time.

Which is the best explanation for why a linear modemay not be appropriate for these
data?

A. The median price decreases over time.

B. The value of the median price cannot be negative.

C. The value of the median price cannot continue toahse.

D. A quadratic model would be a better fit becauserdite of decrease is decreasing.

[Key: B]
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Mathematics Il EOCT APPENDIX A

Appendix A
EOCT Sample Overall Study Plan Sheet

Here is a sample of what an OVERALL study plan rhigbk like. You can use the Blank Overall Study
Plan Sheet in Appendix B or create your own.

Materials/Resources | May Need When | Study:
(You can look back at page 2 for ideas.)

e #
Possible Study Locations:

First choice:

Second choice: !

Third choice: ! ""$ %%

Overall Study Goals:
& 1
( 1 n) * 1

Number of Weeks | Will Study:

Number of Days a Week | Will Study:

Best Study Times for Me:

Weekdays: +,,)" -.+,)"
Saturday: LT
Sunday: +,)" - +,)"
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APPENDIX B

Appendix B
Blank Overall Study Plan Sheet

Materials/Resources | May Need When | Study:
(You can look back at page 2 for ideas.)

T
T
M
T
M
M

Possible Study Locations:

First choice:

Second choice

Third choice

Overall Study Goals:
T

T
M
M
M

Number of Weeks | Will Study:

Number of Days a Week | Will Study:

Best Study Times for Me:
Weekdays: /TN

Saturday: /TN
Sunday: /i
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Appendix C
EOCT Sample Daily Study Plan Sheet

Here is a sample of what a DAILY study plan mighdK like. You can use the Blank Daily Study Plan
Sheet in Appendix D or create your own.

Materials | May Need Today:

0
1)

Today’s Study Location:

Study Time Today: 2 " +,,)" 3+, )" + )"

(Be sure to consider how long you can actively gtacne sitting. Can you sit for 20 minutes?

30 minutes? An hour? If you say you will study floree hours, but get restless after 40 minuteghamy
beyond 40 minutes may not be productive—you wilktrikely fidget and daydream your time away.
“Doing time” at your desk doesn’t count as realsing.)

If | Start to Get Tired or Lose Focus Today, | Will: " 4)

Today’s Study Goals and Accomplishments (Be specific. Include things like number of pagests,
or standards. The more specific you are, the baltieryou will be to tell if you reached your goddeep
it REALISTIC. You will retain more if you study sthdchunks” or blocks of material at a time.)

! !
0 ) 5 6% "
&7 ' 6 " X
0 % " )
3 X
0 )
3 X

What | Learned Today:

&7 9 4 %
: 7 # % * %
&7 % % "
Today’s Reward for Meeting My Study Goals: ; "))
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Appendix D
Blank Daily Study Plan Sheet

Materials | May Need Today:
M
M
M
M
M

Today’s Study Location:

Study Time Today:
(Be sure to consider how long you can actively giacne sitting. Can you sit for 20 minutes?

30 minutes? An hour? If you say you will study floree hours, but get restless after 40 minuteshamy
beyond 40 minutes may not be productive—you wilktdikely fidget and daydream your time away.
“Doing time” at your desk doesn’t count for realdying.)

If | Start To Get Tired or Lose Focus Today, | Will:

Today’s Study Goals and Accomplishments (Be specific. Include things like number of pages,
sections, or standards. The more specific youtheehetter able you will be to tell if you reacheuir
goals. Keep it REALISTIC. You will retain more iby study small “chunks” or blocks of material at a
time.)

| |
0 [ 1) - - "
) 5 6%
What | Learned Today:
M T i
T M
[T T i

Today’s Reward for Meeting My Study Goals:
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